SRB and equilibrium measures via dimension theory by Climenhaga, Vaughn
ar
X
iv
:2
00
9.
09
26
0v
1 
 [m
ath
.D
S]
  1
9 S
ep
 20
20
SRB AND EQUILIBRIUM MEASURES VIA
DIMENSION THEORY
VAUGHN CLIMENHAGA
Abstract. It is well-known that SRB and equilibrium measures
for uniformly hyperbolic flows admit a product structure in terms
of measures on stable and unstable leaves with scaling properties
given by the potential function. We describe a construction of these
leaf measures analogous to the definition of Hausdorff measure, re-
lying on the Pesin–Pitskel’ description of topological pressure as
a dimensional characteristic using Bowen balls. These leaf mea-
sures were constructed for discrete-time systems by the author, Ya.
Pesin, and A. Zelerowicz. In the continuous-time setting here, the
description of the scaling properties is more complete, and we use
a similar procedure with two-sided Bowen balls to directly produce
the equilibrium measure itself.
For Tolya, who taught me to learn things a second time.
1. Introduction
1.1. Overview. Our story takes place where dynamical systems meets
two other major theories: thermodynamics and dimension theory. In
dimension theory, Hausdorff dimension is defined via a family of mea-
sures with prescribed scaling behavior when we zoom in geometrically;
for a given set, exactly one of these measures has the correct scaling
properties. In thermodynamic formalism, one can use a similar ap-
proach to define topological entropy [Bow73] and topological pressure
[PP84] via a family of measures that have prescribed scaling behavior
when we zoom in dynamically. Exactly one of these measures has the
correct scaling properties.
The rest of this paper explores the following idea, introduced in
[CPZ19, CPZ20]: for a uniformly hyperbolic system, the measure pro-
duced by this approach from dimension theory can be used to describe
the equilibrium measure in thermodynamic formalism and its condi-
tional measures on stable and unstable leaves.
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We emphasize that the leaf measures we study, and their relationship
to the equilibrium measure, are by no means new; see §1.3. The novelty
here consists of the following two aspects:
• the observation here and in [CPZ19, CPZ20] that these mea-
sures can be constructed using tools from dimension theory
(though this was foreshadowed by [Ham89, Has89] which stud-
ied the measure of maximal entropy);
• the adaptation of this technique to give a direct formula for the
equilibrium measure itself, without working on the leaves.
To illustrate this second point, we give a new construction for the Sinai–
Ruelle–Bowen (SRB) measure on a hyperbolic attractor; see §2 for full
definitions, and §3.5 for an extension to equilibrium measures.
Theorem 1.1. Let M be a Riemannian manifold and Λ ⊂M a hyper-
bolic attractor for a smooth flow (ft)t∈R. Let r > 0 be a scale at which
the attractor has local product structure: given x ∈ Λ and z ∈ B(x, r),
there is a point y on the local unstable manifold of z such that fβ(y) is
on the local stable manifold of x for some β = β(x, z) ∈ R with small
absolute value. Given s, t > 0, consider the set
B∗s,t(x, r) :=
{
z ∈ Λ : sup
τ∈[−s,t]
d(fτz, fτx) < r and |β(x, z)| <
r
s+ t
}
.
Then for all sufficiently small r > 0, there is c > 0 such that the SRB
measure µ on Λ is given by
µ(Z) = lim
T→∞
inf
∑
(x,s,t)∈E
c
s+ t
det(Dfs+t|Eu
f−s(x)
)−1.
for all Borel Z ⊂ Λ, where the infimum is over all E ⊂ Λ × [T,∞)2
such that Z ⊂
⋃
(x,s,t)∈E B
∗
s,t(x, r).
1.2. Topological pressure and equilibrium measures. Through-
out the paper, M is a smooth compact Riemannian manifold, and
F = (ft)t∈R is a smooth flow on M . We will consider a compact
F -invariant set Λ ⊂ M , which in all our results is assumed to be a
topologically transitive locally maximal hyperbolic set. Given a con-
tinuous function ϕ : Λ → R, which we call a potential, the topological
pressure P (ϕ) of (Λ, F, ϕ) can be defined in three ways.
Definition 1.2 (Variational principle).
(1.1) P (ϕ) = sup
(
hµ(f1) +
∫
ϕdµ
)
,
where hµ(f1) is measure-theoretic entropy and the supremum is over
all Borel F -invariant probability measures µ on Λ.
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Definition 1.3 (Growth rate). Writing Φ(x, t) =
∫ t
0
ϕ(fsx) ds,
(1.2) P (ϕ) = lim
r→0
lim
t→∞
1
t
log inf
∑
x∈E
eΦ(x,t),
where the infimum is over all sets E ⊂ Λ such that Λ is covered by the
collection {Bt(x, r) : x ∈ E} of Bowen balls given by
Bt(x, r) = {y ∈M : d(fsx, fsy) < r for all s ∈ [0, t]}.
Definition 1.4 (Dimension via a critical value). Fixing r > 0, define
for each α ∈ R an outer measure mα on Λ by
(1.3) mα(Z) = lim
T→∞
inf
∑
(x,t)∈E
eΦ(x,t)−tα,
where the infimum is over all finite or countable sets E ⊂ Λ × [T,∞)
such that the Bowen balls {Bt(x, r) : (x, t) ∈ E} cover Z.
1 Then there
is a critical value of α given by
(1.4) P (ϕ, r) = sup{α : mα(Λ) =∞} = inf{α : mα(Λ) = 0},
and the topological pressure is P (ϕ) = limr→0 P (ϕ, r).
A measure achieving the supremum in the variational principle is
called an equilibrium measure; this includes measures of maximal en-
tropy and SRBmeasures. Questions of existence, uniqueness, and prop-
erties of equilibrium measures lie at the heart of the study of thermo-
dynamic formalism for dynamical systems.
When Λ is a topologically transitive locally maximal hyperbolic set
and ϕ : Λ → R is Ho¨lder continuous, it is well-known that there is
a unique equilibrium measure µ, which is also the unique probabil-
ity measure satisfying the following Gibbs property : for all sufficiently
small r > 0 there is Q = Q(r) such that2
(1.5) µ(Bt(x, r)) = Q
±1eΦ(x,t)−tP (ϕ) for all x ∈ Λ and t > 0.
In this paper we describe three related constructions of µ based on
dimension theory, and in particular on the outer measure in (1.3).
(1) Push forward and average. With α = P (ϕ), (1.3) defines a finite
Borel measure mux on each local unstable manifold. The aver-
aged pushforwards νt =
1
t
∫ t
0
(fs)∗m
u
x ds converge in the weak*
topology to a scalar multiple of the unique equilibrium measure
µ. See Theorem 3.1.
1A crucial difference between this and the previous definition is that here the
order t may vary from one Bowen ball to the next.
2We write A = Q±1B to mean Q−1B ≤ A ≤ QB. Note that if P (ϕ) = P (ϕ, r),
then the weight in (1.3) associated to each (x, t) is exactly eΦ(x,t)−tP (ϕ) as in (1.5).
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(2) Construct a product. Reversing time gives an analogous con-
struction of Borel measures msx on stable leaves. Using the
product structure (unstable) × (stable) × (flow direction) one
can construct a product measure on neighborhoods in Λ by
mux ×m
s
x × Leb, which is equivalent to µ. See Theorem 3.10.
(3) A two-sided definition. Theorem 1.1 is a specific case of a more
general result that adapts Definition 1.4, using two-sided Bowen
balls to refine in both the stable and unstable directions, and
refining “manually” in the flow direction, thus directly obtain-
ing a Borel measure on Λ, which is a scalar multiple of µ. See
Theorem 3.15.
In the first two constructions involving the leaf measures, an impor-
tant role is played by the scaling properties of these measures under
the flow and under holonomy maps; see Theorem 3.4. In fact, these
scaling properties characterize the leaf measures up to a scalar; see
Corollaries 3.11 and 3.12, where this is deduced from uniqueness of µ
together with the fact that the density function in Theorem 3.10 can
be written down explicitly, which allows us to recover the leaf measures
from the conditional measures of µ. In Corollary 3.13, we show how
these results give a direct construction of the conditional measures of
the SRB measure along stable leaves.
1.3. History and related results. The author is not aware of any
analogues in the literature of the third construction mentioned above,
via two-sided Bowen balls as in Theorem 1.1 and §3.5 below. For the
first two constructions, the history is richer.
1.3.1. Push forward and average. Applying the “push forward and av-
erage” procedure to an initial reference measure is a standard way of
proving the Krylov–Bogolubov theorem on existence of an invariant
measure. For uniformly hyperbolic systems, Sinai [Sin68] and Ruelle
[Rue76] proved that taking volume as the initial reference measure
leads to a limiting measure whose conditionals on unstable leaves are
equivalent to leaf volume, which in turn shows that this Sinai–Ruelle–
Bowen (SRB) measure measure governs the asymptotic behavior of
volume-typical trajectories. Pesin and Sinai [PS82] used leaf volume as
the original reference measure, and generalized the result on unstable
conditionals to the partially hyperbolic setting. See [CLP17] for an
overview of this approach and of SRB measures more generally.
This approach was extended beyond the SRB case to more general
equilibrium measures in recent joint work of the author with Ya. Pesin
and A. Zelerowicz [CPZ19, CPZ20]. This showed that for uniformly
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(and some partially) hyperbolic diffeomorphisms, (1.3) defines a finite
Borel measure on each unstable leaf whose averaged pushforwards con-
verge to a multiple of the unique equilibrium measure. Theorem 3.1
uses this to deduce the result for flows.
1.3.2. Construct a product. The “construct a product” procedure has
been extensively explored for the measure of maximal entropy (MME),
where it was carried out by Sinai for Anosov diffeomorphisms [Sin68]
and Margulis for Anosov flows [Mar70]; this was extended to the Ax-
iom A setting by Ruelle and Sullivan for diffeomorphisms [RS75], and
Bowen and Marcus for flows [BM77]. Margulis uses a functional ana-
lytic approach, while the other papers rely on Markov partitions.
Let us highlight two important precursors to the present work, which
constructed the leaf measures for the MME as the Hausdorff measures
associated to a dynamically defined metric. This was done for geodesic
flows in negative curvature by Hamensta¨dt [Ham89], and for more gen-
eral Anosov flows by Hasselblatt [Has89]. It is reasonable to view
Theorem 3.10 as an extension of these results to equilibrium measures
associated to nonconstant potential functions; see §4.3.3.
For nonconstant potential functions, the product structure of the
corresponding equilibrium measure was described by Haydn [Hay94] for
flows, and by Leplaideur [Lep00] for diffeomorphisms. Both of these
papers established the scaling properties of the leaf measures under
the dynamics and under holonomy; Haydn referred to these properties
as Margulis’ cocycle equations. Haydn’s proof uses Markov partitions
and the correspondence between equilibrium measures for a map and
its suspension flow [BR75]. Leplaideur’s proof does not use a full-
fledged Markov partition or symbolic dynamics, but does require a
proper rectangle with the Markov property, on which the first return
map is considered. Both proofs use the Perron–Frobenius operator and
obtain the leaf measures via its eigendata.
In light of the previous paragraph, it is worth pointing out that the
construction of an equilibrium state over a subshift of finite type using
Ruelle’s Perron–Frobenius operator [Bow08] can be viewed as a product
construction, even when the underlying system is non-invertible; one
can interpret the eigenmeasure as a measure on local unstable leaves,
and the eigenfunction as giving the total weight of local stable leaves
in the natural extension.
1.3.3. Reliance on the literature. The proofs we give in §4 involve a
certain amount of “cheating” by relying on known results from the lit-
erature, up to and including the fact that there is a unique equilibrium
measure and that this is also the unique invariant Gibbs probability
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measure. With a little more effort (and a longer paper), the arguments
here could be made self-contained. This would require us to provide
proofs of the following facts.
(1) Uniform counting bounds for leafwise partition sums: these play
a key role in the proof that the measures we construct are pos-
itive and finite. See [CPZ20, §6] for details of this argument
in the discrete-time case, using ideas that go back to Bowen’s
work using the specification property [Bow75].
(2) Ergodicity of the invariant measure built using any of the three
constructions. In [CPZ19, CPZ20] this is done for the discrete-
time case using the Hopf argument.
(3) An ergodic Gibbs measure must be the unique equilibrium mea-
sure; this argument is standard and can be found in [Bow75].
We have chosen to shorten the proofs in this paper by relying on known
results, but for potential applications to non-uniform hyperbolicity (see
the next section) it would likely be productive to seek direct proofs of
these facts along the lines in [CPZ19, CPZ20].
1.4. Non-uniform hyperbolicity. For uniformly hyperbolic systems,
thermodynamic formalism is very well understood, and in this setting
the results in this paper are mostly intended to illuminate a well-known
subject from a slightly different angle. It may be hoped, however, that
the approach presented here will eventually bear fruit for non-uniformly
hyperbolic systems, where the story is much less complete [CP17].
One well-established approach to thermodynamic formalism for non-
uniformly hyperbolic systems uses a Markov structure in one guise or
another, via countable-state Markov partitions, Young towers, or in-
ducing schemes; see [CP17] for an overview of the relevant literature.
More recently, the author and D.J. Thompson have introduced an al-
ternate approach based on Bowen’s proof of uniqueness for uniformly
hyperbolic systems using expansivity and specification [Bow75]. There
are non-uniform versions of these properties [CT12, CT16] that have
found applications in examples such as geodesic flow in nonpositive
curvature [BCFT18] and no conjugate points [CKW19]; see the forth-
coming survey [CT20] for a more complete description of this approach.
If one wants to go beyond uniqueness of the equilibrium measure
and establish strong statistical properties, local product structure, and
so on, then the well-established symbolic approach gives stronger re-
sults than the more recent specification-based approach.3 Given that
3However, it is worth mentioning recent work of Call and Thompson [CT19,
Cal20] that uses the specification approach to establish the K property, and even
Bernoullicity in some cases.
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the approach in the present paper shares much in common with the
specification-based approach, such as a reliance on uniform counting
bounds and bare-hands constructions, it is worth asking whether the
present approach can also be generalized to non-uniform hyperbolicity,
and then used to establish some of these stronger results.
One example of this symbiosis is found in recent work by the author,
Gerhard Knieper, and Khadim War [CKW19] that used the specifica-
tion approach to establish uniqueness of the MME for geodesic flows
on surfaces with no conjugate points, and then used the Patterson–
Sullivan approach to obtain a product structure for this measure; this
in turn can be used to establish the Margulis asymptotics for the num-
ber of closed geodesics on such surfaces [CKW20]. The Patterson–
Sullivan approach can be viewed as a leafwise construction analogous
to the present one [Kai90], and thus one may reasonably hope to carry
out a similar procedure in other non-geometric examples, including
more general non-uniformly hyperbolic systems, hyperbolic systems
with singularities such as billiards, or singular hyperbolic flows such
as the Lorenz attractor. Of course one would need to first carry out
the specification approach in these settings, or at least adapt enough of
it to prove the uniform counting bounds necessary for the construction
here, and so for the time being this is all rather aspirational.
Outline of the paper. In §2, we recall some background definitions
from the literature on hyperbolic sets for flows and on Carathe´odory
dimension characteristics. In §3 we state the main results that were
briefly described above. We give the proofs in §4.
2. Background definitions
The reader who is familiar with hyperbolic dynamics can likely skip
this section on a first reading and proceed directly to the main results
in §3. This section contains basic definitions and standard facts about
hyperbolic sets for flows (§2.1), including some lemmas that must be
stated before our main results in order to establish the scale at which
various constructions are made; it also describes the general notion
of Carathe´odory dimension characteristic (§2.2) that we use when we
define various measures in §3. We refer to the recent book of Fisher
and Hasselblatt [FH19, Chapters 5 and 6] for proofs of facts about
hyperbolic flows that are omitted here, and to Pesin’s book [Pes97] for
a more in-depth treatment of dimension theory in dynamical systems.
2.1. Hyperbolic sets. Throughout, recall that M is a smooth com-
pact Riemannian manifold, and F = (ft)t∈R is a smooth flow on M .
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Definition 2.1 (Hyperbolic sets). A hyperbolic set for F is a compact
F -invariant set Λ ⊂ M over which the tangent bundle admits a DF -
invariant splitting TΛM = E
s ⊕ Eu ⊕ E0 such that E0 is the flow
direction,4 Es is uniformly contracting, and Eu is uniformly expanding:
there are C0 ≥ 1 and χ ∈ (0, 1) such that
(2.1) ‖Dft|Es‖ ≤ C0χ
t and ‖Df−t|Eu‖ ≤ C0χ
t for all t ≥ 0.
By passing to an adapted metric and increasing χ slightly,5 we assume
without loss of generality that C0 = 1. In the adapted metric, we can
also assume that Es, Eu, E0 are all orthogonal, and that the flow has
unit speed so that ‖Dft|E0‖ = 1 for all t ∈ R.
We write d for the distance function on M induced by the (adapted)
Riemannian metric, and B(x, r) for the ball centered at x ∈ M with
radius r > 0. More generally, given an injectively immersed connected
submanifold W ⊂M , we will write dW for the distance function on W
induced by the restriction of the Riemannian metric, and
(2.2) B(x, r,W ) = {y ∈ W : dW (y, x) < r}
for the corresponding ball in W centered at x ∈ W with radius r > 0.
Definition 2.2 (Cone fields on Λ). Given κ > 0, the stable and unsta-
ble cone fields of width κ on Λ are
(2.3)
Cux = C
u
x (κ) := {v + w : v ∈ E
u
x , w ∈ E
s
x ⊕ E
0
x, ‖w‖ < κ‖v‖},
Csx = C
s
x(κ) := {v + w : v ∈ E
s
x, w ∈ E
u
x ⊕ E
0
x, ‖w‖ < κ‖v‖}.
For every t > 0 and x ∈ Λ we have
(2.4) Dft(x)(Cux ) ⊂ C
u
ftx and Df−t(x)(C
s
x) ⊂ C
s
f−tx.
Moreover, for every θ, κ > 0 there is t0 ∈ R such that given any x ∈ Λ
and v ∈ TxM with ∠(v, E
s
x ⊕ E
0
x) ≥ θ, we have
(2.5) Dft(x)(v) ∈ C
u
ftx(κ) for all t ≥ t0.
Fixing χ¯ ∈ (χ, 1), by (2.1) and (2.4) we can choose κ > 0 sufficiently
small that for all x ∈ Λ and t ≥ 0, we have
(2.6)
‖Dft(x)(v)‖ ≥ χ¯
−t‖v‖ for all v ∈ Cux (κ),
‖Df−t(x)(v)‖ ≥ χ¯
−t‖v‖ for all v ∈ Csx(κ).
4We do not allow Λ to contain fixed points for the flow, so E0 is always a one-
dimensional subspace.
5If we do not pass to an adapted metric, then our constructions give equivalent
measures, but we do not have a formula for the Radon–Nikodym derivatives and
thus cannot write down the product construction explicitly, or recover the leaf mea-
sures from the conditional measures; see §4.3.3. In §3.5 we will drop the assumption
that the metric is adapted.
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From now on, Cux and C
s
x will be defined with this value of κ unless
otherwise specified.
Definition 2.3 (Extension to a neighborhood). Extend the distribu-
tions Es and Eu continuously to a neighborhood of Λ (note that they
need not be invariant off of Λ). Define cone families Csx, C
u
x on this
neighborhood by (2.3), with κ as in (2.6). Fixing λ ∈ (χ¯, 1), there
is r0 > 0 such that if x ∈ M and T > 0 have the property that
ft(x) ∈ B(Λ, r0) :=
⋃
y∈ΛB(y, r0) for every t ∈ [0, T ], then for all
t ∈ (0, T ] we have
(2.7) Dft(x)(Cux ) ⊂ C
u
ftx and ‖Dft(x)(v)‖ ≥ λ
−t‖v‖ for all v ∈ Cux ,
and similarly for the stable cones with time reversed.
Definition 2.4 (Admissible manifolds). An embedded connected sub-
manifold W ⊂ B(Λ, r0) is u-admissible if TxW ⊂ C
u
x for all x ∈ W ,
6
and s-admissible if TxW ⊂ C
s
x for all x ∈ W .
It follows from (2.7) that
(2.8) if W is u-admissible and fτ (W ) ⊂ B(Λ, r0) for all τ ∈ [0, t],
then dW (x, y) ≤ λ
tdftW (ftx, fty) for all x, y ∈ W .
A similar result holds for s-admissible manifolds if we replace fτ and
ft by f−τ and f−t.
Definition 2.5 (Global manifolds W s(x),W u(x)). Given a point x ∈
Λ, the global stable and unstable manifolds of x are
W s(x) = {y ∈M : d(fty, ftx)→ 0 as t→∞},
W u(x) = {y ∈M : d(fty, ftx)→ 0 as t→ −∞}.
These are injectively immersed manifolds such that TxW
∗(x) = E∗x for
every x ∈ Λ and ∗ ∈ {s, u}. They are clearly flow-invariant in the sense
that ft(W
∗(x)) =W ∗(ftx) for every x ∈ Λ, ∗ ∈ {s, u}, and t ∈ R.
Definition 2.6 (Local manifolds W s(x, δ),W u(x, δ)). Given x ∈ Λ
and δ > 0, let W s(x, δ) := B(x, δ,W s(x)), and similarly for W u. There
exists δ0 > 0 such that for all x ∈ Λ and δ ∈ (0, δ0], the set W =
W s(x, δ) has the following properties:
• it is s-admissible;7
6This definition does not require W to have the same dimension as Eu, but in
practice we will only consider u-admissible manifolds of maximal dimension.
7Observe that in the Anosov case Λ = M , every submanifold of W s(x) is s-
admissible, but that when Λ 6= M there may be submanifolds of W s(x) thare are
not s-admissible because they contain points that are too far from Λ.
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• there is a topological ball B ⊂ Esx containing the origin and a
function ψ : B → Eux such that W = expx(graphψ).
We refer to any W ⊂ W s(x) with these properties as a local stable
manifold, or a local stable leaf. Local unstable manifolds are defined
analogously, reversing the roles of s, u. These local leaves are C1 and
depend continuously on x in the C1 topology.
If W is a local stable manifold of x, then ft(W ) is a local stable
manifold of ft(x) for all t ≥ 0, and similarly for unstables with t ≤ 0.
Thus (2.8) and its analogue for stables gives
(2.9)
d(fty, ftz) ≤ λ
td(y, z) for all y, z ∈ W s(x, δ0) and t ≥ 0,
d(f−ty, f−tz) ≤ λ
td(y, z) for all y, z ∈ W u(x, δ0) and t ≥ 0,
where here and throughout the remainder of the paper δ0 > 0 is fixed
as in Definition 2.6.
Definition 2.7 (Weak manifolds W cs,cu). Given x ∈ Λ and δ ∈ (0, δ0],
we consider the following local weak stable and unstable manifolds :
W cs(x, δ) = {ft(y) : y ∈ W
s(x, δ), |t| < δ},
W cu(x, δ) = {ft(y) : y ∈ W
u(x, δ), |t| < δ}.
We also consider the global weak stable and unstable manifolds
W cs(x) = {fty : y ∈ W
s(x), t ∈ R} =
⋃
t∈R
W s(ftx),
W cu(x) = {fty : y ∈ W
u(x), t ∈ R} =
⋃
t∈R
W u(ftx).
Definition 2.8 (Weak-stable transversals). A C1 injectively immersed
connected submanifold W ⊂ M is transverse to the weak-stable direc-
tion if TxM = TxW ⊕ TxW
cs(x) = TxW ⊕E
s
x ⊕ E
0
x for all x ∈ W ∩ Λ.
Write Wu for the set of all such W .
Given θ > 0, letWuθ denote the set ofW ∈ W
u such that ∠(w, v) ≥ θ
for any x ∈ W ∩Λ, w ∈ TxW , and v ∈ TxW
cs(x) = Esx⊕E
0
x. Reversing
the roles of u and s, we define Ws and Wsθ analogously.
Using (2.5), there exists r1 ∈ (0, r0] such that the following is true.
Lemma 2.9. Given any W ∈ Wu and x ∈ W ∩ Λ, we have
(2.10) lim
t→∞
dC1(B(ftx, r1, ftW ),W
u(ftx, r1)) = 0.
Given θ > 0, this convergence is uniform over all W ∈ Wuθ and x ∈
W∩Λ. In particular, there is t1 = t1(θ) ≥ 0 such that for anyW ∈ W
u
θ ,
x ∈ W ∩ Λ, and t ≥ t1, the manifold B(ftx, r1, ftW ) is u-admissible.
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Our main results will be given for a hyperbolic set satisfying the
following two additional properties.
• Local maximality : Λ =
⋂
t∈R ft(U) for some open U ⊃ Λ.
• Topological transitivity : Λ contains a dense orbit.
Definition 2.10 (Basic sets). A topologically transitive locally maxi-
mal hyperbolic set Λ will be referred to as a basic set.
Definition 2.11 (Local product structure). There are L, δ1 > 0 such
that if x, y ∈ Λ have d(x, y) < δ1, then the intersection W
cs(x, Lδ1) ∩
W u(y, Lδ1) consists of a single point, which we denote [x, y] and re-
fer to as the bracket of x and y.8 Moreover, [x, y] lies in both of
W cs(x, Ld(x, y)) and W u(y, Ld(x, y)). A hyperbolic set Λ has local
product structure if [x, y] ∈ Λ for every x, y ∈ Λ with d(x, y) < δ1.
Given a hyperbolic set Λ, local product structure is equivalent to
local maximality. In particular, basic sets have local product structure.
Definition 2.12 (Attractors). A basic set Λ is an attractor if there is
an open set U ⊃ Λ such that ft(U) ⊂ U for all t > 0.
2.2. Carathe´odory dimension and measure. We recall a construc-
tion from [Pes97, §10] generalizing Hausdorff dimension and measure.
Definition 2.13. A Carathe´odory dimension structure, or C-structure,
on a set X is given by the following data.
(1) An indexed collection F = {Us ⊂ X : s ∈ S} of subsets of X .
(2) Functions ξ, η, ψ : S → [0,∞) such that
(H1) η(s) = 0 if and only if Us = ∅, and similarly for ψ;
9
(H2) for every δ > 0, there exists ε > 0 such that η(s) ≤ δ for
any s ∈ S with ψ(s) ≤ ε;
(H3) for every ε > 0, there is a finite or countable G ⊂ S such
that
⋃
s∈G Us ⊃ X and ψ(G) := sup{ψ(s) : s ∈ S} ≤ ε.
No conditions are placed on ξ.
Given a C-structure (S,F , ξ, η, ψ), a set Z ⊂ X , and ε > 0, let
E(Z, ε) =
{
G ⊂ S : Z ⊂
⋃
s∈G
Us and ψ(G) ≤ ε
}
.
By [Pes97, Proposition 1.1], the following defines an outer measure on
X for each α ∈ R:
(2.11) mαC(Z) := lim
ε→0
inf
G∈E(Z,ε)
∑
s∈G
ξ(s)η(s)α,
8This is sometimes called the Bowen bracket or the Smale bracket.
9In [Pes97] there is an extra requirement that the case Us = ∅ occur, but this
can be safely omitted by defining mαC(∅) = 0 in (2.11).
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where mαC(∅) := 0. Then by [Pes97, Proposition 1.2] there is a unique
αC ∈ [−∞,∞] such that m
α
C(X) =∞ for all α < αC , and m
α
C(X) = 0
for all α > αC . Writing dimC(X) = αC for this Carathe´odory dimen-
sion of X , one is naturally led to the question of whether mαCC (X)
is positive and finite. This requires further information about the C-
structure, which we will explore more in the next section.
When X is a metric space, one may ask whether mC := m
αC
C gives a
Borel measure on X . Recall that an outer measure m on a metric space
X is a metric outer measure if m(A ∪ B) = m(A) + m(B) whenever
d(A,B) := inf{d(x, y) : x ∈ A, y ∈ B} > 0. Every metric outer
measure has the property that all Borel sets are measurable; see [Roy88,
Proposition 12.41] or [Fed69, §2.3.2(9)].
Lemma 2.14. Suppose {F , ξ, η, ψ} is a C-structure with the prop-
erty that for every ρ > 0, there is ε > 0 such that ψ(s) ≤ ε implies
diam(Us) < ρ. Then mC = m
αC
C is a metric outer measure, and hence
gives a Borel measure on X.
Proof. If d(A,B) > 0, there is ε > 0 such that if Us intersects A, Ut
intersects B, and ψ(s), ψ(t) ≤ ε, then Us ∩ Ut = ∅, which means that
every G ∈ E(A ∪ B, ε) splits into two disjoint subsets, one covering A
and the other covering B. This implies that mC(A ∪ B) = mC(A) +
mC(B). 
3. Main results
All the results in this section will be proved in §4.
3.1. Reference measures on unstable leaves and transversals.
From now on we assume that Λ is a basic set and ϕ : Λ→ R is a Ho¨lder
continuous potential function: that is, there is σ > 0 such that
(3.1) |ϕ|σ := sup
{ |ϕ(x)− ϕ(y)|
d(x, y)σ
: x, y ∈ Λ, x 6= y
}
<∞.
Given x ∈ Λ and t ∈ R, we write10
(3.2) Φ(x, t) :=
∫ t
0
ϕ(fsx) ds.
Our first task is to construct a system of W cs-transversal measures : by
this we mean a family of Borel measures {muW : W ∈ W
u} with the
following properties.
10Observe that for t < 0 this is the negative of the Birkhoff integral along the
orbit segment from ftx to x: we have Φ(x, t) = −Φ(ftx,−t).
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• For every W ∈ Wu, the measure muW is supported on W ∩Λ in
the sense that muW (M \ (W ∩ Λ)) = 0.
• If W1,W2 ⊂ W
u and W1 ⊂ W2, then m
u
W1
(Z) = muW2(Z) for all
Borel Z ⊂W1.
We will see in §3.2 that the system of measures we construct also has
important continuity and conformality properties, and in §3.4 that
these properties actually characterize the system of measures up to a
scalar multiple.
Let δ0 > 0 be the size of the local manifolds as in Definition 2.6,
and let r1 > 0 be as in Lemma 2.9. We now fix once and for all a
scale 0 < r < min(r1, δ0/3). Given W ∈ W
u, define the W -Bowen ball
centered at x ∈ W with radius r and order t ≥ 0 by11
(3.3) Bt(x, r,W ) = {y ∈ W : dfτW (fτy, fτx) < r for all τ ∈ [0, t]}.
Given W ∈ Wu, define a C-structure by X = W ∩ Λ, S = X × [0,∞),
U(x,t) = Bt(x, r,W ) ∩ Λ, ξ(x, t) = e
Φ(x,t), and η(x, t) = ψ(x, t) = e−t.
Then the corresponding Carathe´odory outer measure on W ∩Λ can be
described as follows. Given Z ⊂W ∩ Λ and T > 0, let
(3.4) E(Z, T ) =
{
E ⊂ (W ∩ Λ)× [T,∞) : Z ⊂
⋃
(x,t)∈E
Bt(x, r,W )
}
.
Members of E(Z, T ) can be thought of as collections of Bowen balls
“enveloping” the set Z. Then we define muW by
(3.5) muW (Z) = lim
T→∞
inf
E∈E(Z,T )
∑
(x,t)∈E
eΦ(x,t)−tP (ϕ).
We will prove in §4.1 that for every W ∈ Wuθ , x ∈ W ∩ Λ, and t ≥
t2 = t2(θ), we have diamBt(x, r,W ) ≤ 2rλ
t−t2 ; see (4.5). Thus this
C-structure satisfies the hypothesis of Lemma 2.14, and we conclude
that muW is a Borel measure.
12 Observe that different values of r give
different measures muW , but since we fix r throughout the paper, we
will suppress this dependence from the notation.
11This definition uses the intrinsic metric on W and thus differs slightly from
[CPZ19, CPZ20], where the leaf measures were defined using Bowen balls in the
extrinsic metric from M .
12This is the step where it is crucial that we work on W ∩Λ and not on Λ itself;
the outer measure defined by (3.5) on Λ is not a Borel measure. We will return to
this point in §3.5.
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Now we restrict to the case of local unstable leaves and assume that
W = W u(x, δ) for some x ∈ Λ and δ ∈ (0, δ0]. In this case we write
mux = m
u
W , and we have the following.
13
Theorem 3.1. Let F,Λ, ϕ, r be as above. Given δ > 0, there is K > 0
such that for every local unstable leaf W = W u(x, δ) with x ∈ Λ, the
Borel measure mux on W defined by (3.5) satisfies
(3.6) K−1 ≤ mux(W ) ≤ K.
Moreover, for every x ∈ Λ, the measures
(3.7) νt :=
1
t
∫ t
0
(fs)∗m
u
x ds =
1
t
∫ t
0
mux ◦ f−s ds
are weak* convergent as t →∞ to a limiting measure, whose normal-
ization µ is independent of x. This measure µ is the unique equilibrium
measure for ϕ on Λ. It is ergodic, gives positive weight to every (rela-
tively) open set in Λ, and has the Gibbs property (1.5).
We will prove Theorem 3.1 in §4.2 using the corresponding results
in [CPZ20], which cover partially hyperbolic diffeomorphisms and can
be applied to the time-τ map fτ . A more expository overview of the
principles driving the proof is given in [CPZ19, §6].
3.2. Scaling properties. An important role in [CPZ19, CPZ20] is
played by the behavior of the measures mux under transformation by
the dynamics and by holonomy maps. In our present setting we can
strengthen the results proved there. Note that now we return to the
general case W ∈ Wu, instead of restricting our attention to local
unstable leaves.
Definition 3.2. We say that a system of W cs-transversal measures
{m¯uW : W ∈ W
u} is ϕ-conformal if given any t ∈ R and W, ft(W ) ∈
Wu, the measures (ft)∗m¯
u
W and m¯
u
ft(W )
are equivalent, and for each
Borel Z ⊂W we have
(3.8) m¯uft(W )(ftZ) =
∫
Z
etP (ϕ)−Φ(z,t) dm¯uW (z).
13Theorem 3.1 holds for W ∈ Wu as well, but in that case cannot be deduced
directly from [CPZ20], which considered only local unstable leaves. Rather, it
follows from the case here together with the scaling properties in the next section.
For W ∈ Wu, the lower bound in (3.6) depends not on the diameter of W itself,
but on the diameter of its projection to a local unstable leaf under holonomy.
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In terms of the Radon–Nikodym derivatives this is equivalent to
d((f−t)∗m¯
u
ft(W )
)
dm¯uW
(z) = etP (ϕ)−Φ(z,t),(3.9)
d((ft)∗m¯
u
W )
dm¯uft(W )
(ftz) = e
Φ(z,t)−tP (ϕ).(3.10)
Definition 3.3. GivenW1,W2 ∈ W
u, a weak-stable holonomy between
W1 and W2 is a homeomorphism π : W1 ∩ Λ → W2 ∩ Λ such that
π(z) ∈ W cs(z) for all z ∈ W1∩Λ. If π(z) ∈ W
cs(z, δ) for all z ∈ W1∩Λ,
then we say that π is a weak-stable δ-holonomy.14 Replacing W cs by
W s gives the definition of strong-stable holonomy, and reversing the
roles of u, s defines weak-unstable and strong-unstable holonomies.
We say that a system of W cs-transversal measures {m¯uW : W ∈ W
u}
is continuous if for every ε > 0 there is δ > 0 such that if W1,W2
are u-admissible manifolds with dC1(W1,W2) < δ that are related by a
weak-stable δ-holonomy π, then for every Borel Z ⊂W1 ∩ Λ, we have
(3.11) m¯uW2(πZ) = e
±εm¯uW1(Z).
Theorem 3.4. Let F,Λ, ϕ, r be as above, and let W ∈ Wu and t ∈ R.
Then the system of W cs-transversal measures {muW : W ∈ W
u} defined
in (3.4)–(3.5) is ϕ-conformal and continuous.
Remark 3.5. In the discrete-time setting of [CPZ19, CPZ20], the nat-
ural analogue of (3.4)–(3.5) defines a system of transversal measures
that is ϕ-conformal, but it is not known whether or not the system
defined there is also continuous in the sense of (3.11); all that is proved
is that this relationship holds for some ε > 0, which suffices for the
analogue of Theorem 3.1, but not for the remaining results that we
prove here. See §4.3.3 for more details.
Remark 3.6. We will eventually see in Corollary 3.12 below that up to a
scalar multiple, the measures defined in (3.4)–(3.5) give the only system
of W cs-transversal measures that is ϕ-conformal and continuous. Two
special cases are worth highlighting.
• When ϕ ≡ 0, we have P (ϕ) = htop(F ) =: h, the topological en-
tropy, and (3.8) gives muft(W ) = e
th(ft)∗m
u
W , which is the scaling
property satisfied by the Margulis measures on unstable leaves.
14Given δ > 0, it follows from the local product structure that if x ∈ W1 and
y ∈ W2 are sufficiently close, then there are neighborhoods of x, y in W1 ∩ Λ and
W2 ∩ Λ that are related by a weak-stable δ-holonomy.
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• When ϕu is the geometric potential
(3.12) ϕu(x) = − lim
t→0
1
t
log det(Dft|Eux)
and Λ is an attractor, it can be shown that P (ϕu) = 0 and
that the unique equilibrium measure is the SRB measure on Λ
[FH19, §7.4]. Then eΦ
u(x,t) = det(Dft|Eux)
−1 and (3.8) gives
(3.13) muft(W )(ftZ) =
∫
Z
det(Dft|Euz ) dm
u
W (z).
which is the same scaling property satisfied by leaf volume.
Since the Margulis measures and leaf volumes also satisfy the continuity
property, it will follow from the uniqueness result in Corollary 3.12
below that in these two cases these systems of measures are in fact
given by muW (up to a global scaling constant).
It turns out that the properties of ϕ-conformality and continuity
are enough to completely describe how a system of W cs-transversal
measures transforms under weak-stable holonomies. We will restrict
our attention to δ0-holonomies, since this is all we need later on.
15
Given x ∈ Λ and y ∈ W cs(x, δ0) ∩ Λ, there is a unique t = t(x, y) ∈
(−δ0, δ0) such that ft(x) ∈ W
s(y, δ0). We define
(3.14) ω+(x, y) = Φ(x, t)− tP (ϕ) +
∫ ∞
0
(ϕ(fτ+tx)− ϕ(fτy)) dτ.
The improper integral converges absolutely because d(fτ+tx, fτy)→ 0
exponentially quickly and ϕ is Ho¨lder continuous.
Theorem 3.7. Let F,Λ, ϕ be as above, and let {m¯uW : W ∈ W
u} be
any continuous and ϕ-conformal system of W cs-transversal measures.
Suppose that W1,W2 ∈ W
u are related by a weak-stable δ0-holonomy
π : W1 ∩Λ→W2 ∩Λ. Then the measures π∗m¯
u
W1
and m¯uW2 are equiva-
lent, and we have
(3.15)
d(π∗m¯
u
W1
)
dm¯uW2
(π(z)) = eω
+(z,πz).
It is worth noting the special cases
(3.16) ω+(x, y) =
∫ ∞
0
(ϕ(fτx)− ϕ(fτy)) dτ when x ∈ W
s(y),
15In fact we will prove the following results separately for global holonomies
along flow lines and along strong-stable manifolds, but to combine these results
into a formula for weak-stable holonomies requires some care because t in (3.14)
may not be uniquely determined by x and y unless we work locally.
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and for points on the same orbit,
(3.17) ω+(x, ftx) = Φ(x, t)− tP (ϕ)
In particular, when W2 = ft(W1) and π = ft, (3.15) reduces to the
ϕ-conformality property (3.10).
We will also use the cocycle relation
(3.18) ω+(x, y) = ω+(x, z) + ω+(z, y) for y, z ∈ W cs(x, δ0/2)
follows immediately from the definition (3.14).
3.3. Reference measures on stable leaves and transversals. Re-
call from Definition 2.8 that Ws denotes the set of C1 injectively im-
mersed submanifolds W ⊂M that are transverse to the weak-unstable
direction. Given W ∈ Ws, we construct a Borel measure msW onW ∩Λ
by applying the construction in §3.1 to the time-reversed flow. In terms
of the original flow, this can be defined using backwards Bowen balls :
given x ∈ Λ and t ≥ 0, let
B−t (x, r,W ) = {z ∈ M : df−τW (f−τz, f−τx) < r for all τ ∈ [0, t]}.
Then given Z ⊂W ∩ Λ and T > 0, let
(3.19) E−(Z, T ) =
{
E ⊂ (W ∩Λ)× [T,∞) : Z ⊂
⋃
(x,t)∈E
B−t (x, r,W )
}
.
Finally, define msW by
(3.20) msW (Z) = lim
T→∞
inf
E∈E−(Z,T )
∑
(x,t)∈E
eΦ(f−tx,t)−tP (ϕ).
Observe that the Birkhoff integral in (3.20) evaluates as
Φ(f−tx, t) =
∫ t
0
ϕ(fτ−tx) dτ =
∫ t
0
ϕ(f−sx) ds = −Φ(x,−t);
care must be taken with the signs because the Φ notation favors the
initial point of the orbit segment, rather than the final one. Theorem
3.1 shows that this defines a positive finite Borel measure on each local
stable leaf,16 and that pushing backwards and averaging gives a family
of measures converging to a scalar multiple of the unique equilibrium
measure.
Versions of the scaling properties in §3.2 hold for the system of W cu-
transversal measures {msW :W ∈ W
s}.
16As with mu, positivity and finiteness on more general compact W ∈ Ws will
follow from this together with the results on scaling under holonomies.
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Definition 3.8. We say that a system of W cu-transversal measures
{m¯sW : W ∈ W
s} is ϕ-conformal if given any t ∈ R andW, ft(W ) ∈ W
s,
the measures (ft)∗m
s
W and m
s
ft(W )
are equivalent, and for each Borel
Z ⊂W we have
(3.21) m¯sft(W )(ftZ) =
∫
Z
e−tP (ϕ)+Φ(z,t) dm¯sW (z).
The system is continuous if for every ε > 0 there is δ > 0 such that
if W1,W2 are s-admissible manifolds with dC1(W1,W2) < δ that are
related by a weak-unstable δ-holonomy π, then for every Borel Z ⊂
W1 ∩ Λ, we have
(3.22) m¯sW2(πZ) = e
±εmsW1(Z).
Given x ∈ Λ and y ∈ W cu(x, δ0) ∩ Λ, there is a unique t = t(x, y) ∈
(−δ0, δ0) such that ft(x) ∈ W
u(y, δ0). We define
(3.23) ω−(x, y) := −Φ(x, t) + tP (ϕ) +
∫ ∞
0
(ϕ(ft−τx)− ϕ(f−τy)) dτ
and observe that ω− satisfies the cocycle equation (3.18). Note that
when y = ftx, we have
(3.24) ω−(x, ftx) = −Φ(x, t) + tP (ϕ) = −ω
+(x, ftx).
The following result is just Theorem 3.7 with time reversed.
Theorem 3.9. Let F,Λ, ϕ be as above, and let {m¯sW : W ∈ W
s} be any
continuous ϕ-conformal system of W cu-transversal measures. Suppose
that W1,W2 ∈ W
s are related by a weak-unstable δ0-holonomy π : W1∩
Λ→ W2 ∩ Λ. Then the measures π∗m¯
s
W1
and m¯sW2 are equivalent, and
we have
(3.25)
d(π∗m¯
s
W1
)
dm¯sW2
(π(z)) = eω
−(z,πz).
By Theorem 3.4 with time reversed, the system of W cu-transversal
measures given by (3.19) and (3.20) is continuous and ϕ-conformal, so
it satisfies the conclusion of Theorem 3.9.
3.4. A product construction. In this section we once again restrict
our attention to local stable and unstable leaves. LetW
s
⊂ Ws denote
the collection of local stable leaves, and W
u
⊂ Wu the collection of
local unstable leaves.17 With δ0 > 0 as in Definition 2.6, we denote the
17Recall from Definition 2.6 that W ∈ W
s
need not be of the form W s(x, δ):
in general, any subset of a local stable leaf that is a topological ball of maximal
dimension is itself a local stable leaf, and similarly for unstables.
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collection of local weak-stable leaves by
(3.26) W
cs
:=
{
Wδ :=
⋃
t∈(−δ,δ)
ft(W ) : W ∈ W
s
, δ ∈ (0, δ0]
}
,
and similarly for the collection W
cu
of local weak-unstable leaves.
By a system of measures on local unstable leaves we mean a fam-
ily of Borel measures {m¯uW : W ∈ W
u
} satisfying the support and
consistency properties from the beginning of §3.1, and similarly with
‘unstable’ replaced by stable, weak-unstable, and weak-stable. The def-
initions of continuity and ϕ-conformality for these systems remain the
same as for the corresponding systems on transversals, and Theorems
3.7 and 3.9 go through here with identical proofs.
Now suppose {m¯sW : W ∈ W
s
} and {m¯uW : W ∈ W
u
} are continu-
ous and ϕ-conformal systems of measures on local stable and unstable
leaves. Define corresponding systems of measures on local weak-stable
and weak-unstable leaves by
(3.27) m¯csWδ =
∫ δ
−δ
m¯sftW dt and m¯
cu
Wδ
=
∫ δ
−δ
m¯uftW dt.
Let L, δ1 > 0 be as in Definition 2.11, so that given any x, y ∈ Λ with
d(x, y) ∈ δ1, the bracket [x, y] is well-defined as the unique point in
W cs(x, Lδ1) ∩ W
u(y, Lδ1). Thus given q ∈ Λ and δ ∈ (0, δ1/2) and
writing
Ruq :=W
u(q, δ) ∩ Λ, Rcsq := W
cs(q, δ) ∩ Λ,
we can define
Rq := {[x, y] : x ∈ R
u
q , y ∈ R
cs
q }.
Given x ∈ Ruq and y ∈ R
cs
q , we write Ψq(x, y) = [x, y], so that Ψq is a
homeomorphism between Ruq × R
cs
q and Rq.
From now on we fix δ sufficiently small that diamRq < δ1, and thus
the bracket is well-defined for every pair of points in Rq. For this fixed
value of δ, we write
(3.28) m¯uq := m¯
u
W u(q,δ) and m¯
cs
q := m¯
cs
W cs(q,δ).
Given z = Ψq(x, y) ∈ Rq, we write
Ruq (z) :=W
u(z, Lδ) ∩ Rq, R
cs
q (z) :=W
cs(z, Lδ) ∩ Rq,
and we observe that z ∈ Rcsq (x) ∩ R
cs
q (y), so that x ∈ R
cs
q (z) ∩ R
u
q (q)
and y ∈ Rcsq (q) ∩ R
u
q (z). In other words,
(3.29) z = [x, y], x = [z, q], y = [q, z].
Now we can formulate the main result on the product construction of
the equilibrium measure.
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Theorem 3.10. Let F,Λ, ϕ, δ be as above, and let {m¯ux, m¯
cs
x : x ∈ Λ} be
given by (3.27) and (3.28) from any continuous ϕ-conformal systems of
measures on local stable and unstable leaves. Then for every q ∈ Λ, the
following equations all define the same measure on Rq: given a Borel
set Z ⊂ Rq = Ψq(R
u
q × R
cs
q ), put
µq(Z) =
∫
Z
eω
+(z,[z,q])+ω−(z,[q,z]) d((Ψq)∗(m¯
u
q × m¯
cs
q ))(z),(3.30)
µq(Z) =
∫
Rcsq
∫
Ruq
eω
+([x,y],x)+ω−([x,y],y)1Z([x, y]) dm¯
u
q(x) dm¯
cs
q (y),(3.31)
µq(Z) =
∫
Rcsq
∫
Ruq (y)∩Z
eω
−(z,y) dm¯uy(z) dm¯
cs
q (y),(3.32)
µq(Z) =
∫
Ruq
∫
Rcsq (x)∩Z
eω
+(z,x) dm¯csx (z) dm¯
u
q (x).(3.33)
Moreover, there is a unique Borel measure µ on Λ such that µ(Z) =
µq(Z) for all q ∈ Λ and Z ⊂ Rq. The measure µ is flow-invariant,
nonzero, and finite. It has the Gibbs property and thus is a scalar
multiple of the unique equilibrium measure.
If one redefines the bracket using W s and W cu instead of W u and
W cs, then one obtains an analogue of Theorem 3.10 with u replaced by
cu, and cs replaced by s, everywhere they appear.
The following is an immediate consequence of (3.32) and the defini-
tion of conditional measures (see [Cou16, §14.2] or [VO16, §§5.1–5.2]).
Corollary 3.11. Given q ∈ Λ, consider the partition of Rq into local
unstable leaves: let µˆq be the transversal measure on R
cs
q defined by
µˆq(Y ) = µ(
⋃
y∈Y R
u
q (y)), and let {µ
u
y : y ∈ R
cs
q } denote the conditional
measures of µ characterized (for µˆq-a.e. y) by
(3.34) µ(Z) =
∫
Rcsq
µuy(Z ∩ R
u
q (y)) dµˆq(y).
Then µˆq and m¯
cs
q are equivalent, and for µˆq-a.e. y (hence m¯
cs
q -a.e. y)
the measures µuy and m¯
u
y are equivalent as well. Moreover, defining
h : Rcsq → (0,∞) by
(3.35) h(y) :=
∫
Ruq
eω
+([x,y],x) dm¯uq (x) = m¯
u
y(R
u
q (y)),
where the two expressions are equal by Theorem 3.7, we have
(3.36)
dµˆq
dm¯csq
(y) = h(y) and
dµuy
dm¯uy
(z) =
eω
−(z,y)
h(y)
.
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Corresponding results hold for the transversal and conditional measures
associated to the partitions of Rq by local stable, weak-stable, and weak-
unstable leaves.
We prove the following corollary in §4.5.2.
Corollary 3.12. If {m¯uW : W ∈ W
u
} is any continuous ϕ-conformal
system of measures on local unstable leaves, then there is a real number
c > 0 such that m¯uW = cm
u
W for every W ∈ W
u
, where muW is the leaf
measure defined in (3.4)–(3.5). Similar results hold for local stable,
weak-stable, and weak-unstable leaves.
We return to the case when Λ is an attractor and ϕ = ϕu is the geo-
metric potential as in (3.12), so that P (ϕ) = 0, eΦ
u(y,t) = det(Dft|Euy )
−1,
and given y ∈ Λ, x ∈ W u(y, δ), we have
(3.37) eω
−(z,y) = lim
t→−∞
eΦ
u(z,t)
eΦu(y,t)
= lim
t→−∞
det(Dft|Euy )
det(Dft|Euz )
.
Let νuy be the Borel measure on W
u(y, δ) given by
(3.38)
dνuy
dLebW u(y,δ)
(z) = lim
t→−∞
det(Dft|Euy )
det(Dft|Euz )
,
where LebW u(y,δ) denotes leaf volume. Given q ∈ Λ, define a Borel
measure νsq on W
s(q, δ) ∩ Λ by
(3.39) νsq(Z) = lim
T→∞
inf
E∈E−(Z,T )
∑
(y,t)∈E
det(Df−t|Euy ),
where E−(Z, T ) is as in (3.19). Using this, define a measure νcsq on
Rcsq =W
cs(q, δ) ∩ Λ by
(3.40) νcsq (Z) =
∫ δ
−δ
νsq(ftZ) dt.
Then (3.32) gives the following.
Corollary 3.13. Let Λ be a hyperbolic attractor and µ its associated
SRB measure. Given q ∈ Λ, there exists c = c(q) > 0 such that
(3.41) µ(Z) = c
∫
Rcsq
νuy (Z ∩R
u
q (y)) dν
cs
q (y)
for every Borel Z ⊂ Rq, where ν
u
y , ν
cs
q are given by (3.38)–(3.40).
One can write similar analogues of (3.30), (3.31), and (3.33). The
fact that the measures νuy are the conditional measures of the SRB
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measure is well-known [Sin68, Lemma 2.3]. To the best of the au-
thor’s knowledge, the explicit description of the transverse measure
νcsq in (3.39)–(3.40) is new, as is the corresponding description of the
stable conditional measures in terms of νsq that can be obtained using
Corollary 3.11 (though we do not write out these details).
3.5. Refining in all directions. We conclude our main results by
giving one more description of the unique equilibrium measure via a
Carathe´odory dimension structure, this time on Λ itself rather than on
a local stable or unstable leaf. In what follows we do not assume that
the metric is adapted.
To define a C-structure with X = Λ and obtain a Borel measure via
Lemma 2.14, we cannot use the one-sided Bowen balls we have used so
far, because
⋂
t>0Bt(x, r) is a local weak-stable manifold, rather than a
single point; similarly,
⋂
t>0B
−
t (x, r) is a local weak-unstable manifold.
We can make some progress by using two-sided Bowen balls
B±s,t(x, r) := Bt(x, r) ∩B
−
s (x, r)
= {y ∈M : d(fτx, fτy) < r for all τ ∈ [−s, t]},
for which taking an intersection over all s, t > 0 gives a small piece of
the orbit of x. Thus given a sufficiently small embedded disc D that is
transverse to the flow direction, we have
⋂
s,t>0B
±
s,t(x, r)∩D = {x} for
each x ∈ D ∩Λ, and so we could use two-sided Bowen balls to define a
C-structure on D ∩ Λ that gives a Borel measure; then we could flow
this measure forward to get an invariant measure on Λ.
Rather than describing the details of this, we go one step further:
provided we choose r ∈ (0, δ1], we can use the local product structure
in Definition 2.11 whenever x, y ∈ Λ satisfy d(x, y) < r to obtain
z = [x, y] ∈ W cs(x, Lr) ∩ W u(y, Lr) and z′ = fβ(z) ∈ W
s(x, Lr) for
some β = β(x, y) ∈ (−Lr, Lr). Then we make the following definition
for x ∈ Λ and s, t > 0:
(3.42) B∗s,t(x, r) := {y ∈ B
±
s,t(x, r) ∩ Λ : |β(x, y)| < r/(s+ t)}.
This is the ball of radius r in the (locally defined) metric
(3.43) d∗s,t(x, y) = max
(
sup
τ∈[−s,t]
d(fτx, fτy), (s+ t)|β(x, y)|
)
.
Now we consider the C-structure defined by X = Λ, S = X × [1,∞)2,
and U(x,s,t) = B
∗
s,t(x, r), together with
ξ(x, s, t) =
eΦ(f−sx,s+t)
s+ t
, η(x, s, t) = e−(s+t), ψ(x, s, t) = e−min(s,t).
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The conditions of Lemma 2.14 are satisfied, so this C-structure pro-
duces a Borel measure, which we describe more carefully below.
Remark 3.14. As motivation for the formula for ξ, observe thatB∗s,t(x, r)
is roughly the ‘product’ of Bt(y, r) in the unstable direction, B
−
s (x, r)
in the stable direction, and an interval in the flow direction: we want
to produce a measure m with a product structure whose conditionals
give weight eΦ(x,t) along the unstable, eΦ(f−sx,s) along the stable, and
1/(s+ t) along the flow; the product of these weights gives ξ.
The formula for η is as in our previous C-structures: e−ℓ, where ℓ
is the length of the orbit segment that defines the Bowen ball we use.
The formula for ψ guarantees that both s and t are large when ψ is
small, which mimics our previous constructions.
We remark that it would be tempting to simplify this C-structure by
requiring that s = t, so that we use symmetric two-sided Bowen balls
Bt(x, r)∩B
−
t (x, r); however, our proof of flow-invariance requires us to
allow the case s 6= t.
This C-structure defines a Borel measure m on Λ as follows:
E
∗(Z, T ) :=
{
E ⊂ Λ× [T,∞)2 : Z ⊂
⋃
(x,s,t)∈E
B∗s,t(x, r)
}
,(3.44)
m(Z) := lim
T→∞
inf
E∈E∗(Z,T )
∑
(x,s,t)∈E
1
s+ t
eΦ(f−sx,s+t)−(s+t)P (ϕ).(3.45)
Theorem 3.15. Let F,Λ, ϕ, r be as above. Then the Borel measure
defined by (3.44)–(3.45) is nonzero, finite, and a scalar multiple of the
unique equilibrium measure.
Observe that Theorem 1.1 is a direct consequence of Theorem 3.15 in
the case when Λ is an attractor and ϕ = ϕu is the geometric potential.
Remark 3.16. Returning to the approach in §3.4, one could adapt the
construction here to use “one-sided Bowen balls” on weak-unstable
leaves that also include a restriction on |β(x, y)| as in (3.42), and thus
obtain the measuresmcux (and similarlym
cs
x ) directly from a C-structure
rather than first obtaining mux (or m
s
x) and pushing under the flow.
Remark 3.17. The precise form of the factor (s+ t)−1 in the definition
of B∗ and of m is not essential: one could use any function ζ(s + t)
where limT→∞ ζ(T ) = 0 and limT→∞ ζ(T + η)/ζ(T ) > 0 – the latter
bound is needed at the end of the proof of Lemma 4.9. One could
also avoid using such a function by using an extra parameter in the
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definition of the C-structure and putting
S = Λ× [1,∞)2 × (0, 1),
U(x,s,t,δ) = {y ∈ B
±
s,t(x, r) ∩ Λ : |β(x, y)| < δ},
together with the functions
ξ(x, s, t, δ) = δeΦ(f−sx,s+t),
η(x, s, t, δ) = e−(s+t),
ψ(x, s, t, δ) = max(e−s, e−t, δ).
It is a matter of taste which route one takes; here we have opted for the
definition with fewer parameters and the explicit choice ζ(T ) = 1/T .
4. Proofs
4.1. Bowen balls on leaves. Recall from (3.3) that we define Bowen
balls on transversals according to the intrinsic metric:
Bt(x, r,W ) = {y ∈ W : dfτW (fτy, fτx) < r for all τ ∈ [0, t]}.
Now (2.8) immediately gives the following.
Lemma 4.1. If W is a u-admissible manifold and r ∈ (0, r0], then for
all x ∈ W ∩ Λ and t ≥ 0 we have
(4.1) Bt(x, r,W ) = f−tB(ftx, r, ftW ) ⊂ B(x, rλ
t,W ).
We also get a version of this lemma for W ∈ Wu. Let r1 and t1 =
t1(θ) be as in Lemma 2.9, and let
(4.2) C1 = C1(θ) := sup{‖Dft(x)‖ : x ∈ M, t ∈ [−t1, t1]}.
Lemma 4.2. For every θ > 0, there is t2 ≥ 0 such that given any
r ∈ (0, r1], W ∈ W
u
θ , any x ∈ W ∩ Λ, and any t ≥ t2, we have
(4.3) Bt(x, r,W ) = f−tB(ftx, r, ftW ).
and B(ftx, r, ftW ) is u-admissible. Moreover, given η > 0, we have
(4.4)
Bt+η(x, r,W ) = f−tBη(ftx, r, ftW )
⊂ f−tB(ftx, rλ
η, ftW ) = Bt(x, rλ
η,W ),
and in particular
(4.5) diamBt+η(x, r,W ) ≤ 2rλ
η.
Proof. Clearly the left-hand side of (4.3) is contained in the right-hand
side, so it suffices to prove the other inclusion. By Lemma 2.9, there
is t1 ≥ 0 such that for all r,W, x as in the lemma, and any t ≥ t1,
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B(ftx, r, ftW ) is u-admissible. Then it follows from Lemma 4.1 that
for all such t and every τ ∈ [t1, t], we have
f−(t−τ)B(ftx, r, ftW ) ⊂ B(fτx, rλ
t−τ , fτW ).
In particular, we have
f−(t−t1)B(ftx, r, ftW ) ⊂ B(ft1x, rλ
t−t1 , ft1W ),
and using this together with (4.2) we see that for every τ ∈ [0, t1] we
have
f−(t−τ)B(ftx, r, ftW ) ⊂ B(fτx, C1rλ
t−t1 , fτW ).
Thus by choosing t2 sufficiently large that C1λ
t2−t1 ≤ 1, we guarantee
that
fτ (f−tB(ftx, r, ftW )) ⊂ B(fτx, r, fτW )
for all t ≥ t2 and τ ∈ [0, t]. This shows that the right-hand side of (4.3)
is contained in the left-hand side.
For (4.4), we apply (4.3) as follows:
Bt+η(x, r,W ) =
⋂
τ∈[0,η]
Bt(fτx, r,W ) =
⋂
τ∈[0,η]
f−tB(fτ (ftx), r, fτ+tW )
and observe that the final intersection is f−tBη(ftx, r, ftW ), which
proves the first equality in (4.4). The inclusion and the final equality
follow from Lemma 4.1. Then (4.5) follows immediately upon observing
that Bt(x, rλ
η,W ) ⊂ B(x, rλη). 
4.2. Finiteness and pushforwards: proof of Theorem 3.1. We
will deduce Theorem 3.1 from the corresponding results in [CPZ20],
which deal with partially hyperbolic diffeomorphisms. Thus the proof
here should be read less with the intent of understanding the mecha-
nisms driving Theorem 3.1, and more with the intent of understanding
the relationship between the continuous- and discrete-time settings.
For a description of the general mechanisms, we refer to [CPZ19, §6].
4.2.1. Relationship to discrete-time results and uniform bounds. Before
proving the bounds in (3.6), we describe the relationship to [CPZ20],
observing that every time-τ map fτ (τ > 0) of a flow on a hyperbolic
set Λ is partially hyperbolic. The results in [CPZ20] apply to a dif-
feomorphism f with a compact invariant set Λ on which f is partially
hyperbolic and topologically transitive, with a local product structure
between unstable and center-stable foliations, and for which the center-
stable foliation satisfies a certain “Lyapunov stability” condition that
is automatic for the time-τ map of a flow. In order to apply the results
in [CPZ20] to fτ we only need to check topological transitivity of fτ .
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For this we use the following lemma, which may be of independent
interest (though we do not claim that it is new).
Lemma 4.3. Let X be a compact metric space and (ft)t∈R a continuous
flow on X that is topologically transitive: for every open U, V ⊂ X
there is t > 0 such that ft(U) ∩ V 6= ∅. Then there is a residual set of
τ ∈ (0,∞) such that the time-τ map fτ is topologically transitive.
Proof. Note that given any open U, V ⊂ X , the set
I(U, V ) := {τ > 0 : fkτ (U) ∩ V 6= ∅ for some k ∈ N}
is open. We claim that it is dense in (0,∞). Indeed, given any (a, b) ⊂
(0,∞), if k ≥ b/(b − a) then kb − ka ≥ b > a, so (k + 1)a < kb and
therefore (ka, kb) ∩ ((k + 1)a, (k + 1)b) 6= ∅; this implies that
(4.6)
⋃
k∈N
(ka, kb) ⊃
[ ab
b− a
,∞
)
.
Since the flow is transitive there exists t ≥ ab/(b−a) such that ft(U)∩
V 6= ∅ (note that t can be chosen arbitrarily large by iterating the
definition of transitivity). By (4.6) there is k ∈ N such that t/k ∈ (a, b).
Since t/k ∈ I(U, V ), this shows that I(U, V ) is open and dense in
(0,∞).
Now let {Un}n∈N be a basis for the topology on X . Any τ in the
residual set
⋂
k,n I(Uk, Un) has the property that fτ is topologically
transitive. Note that this set is dense in (0,∞) by the Baire category
theorem. 
Returning to the setting of Theorem 3.1, use Lemma 4.3 to choose
τ > 0 such that the time-τ map fτ is topologically transitive, and thus
writing ψ(y) := Φ(y, τ) =
∫ τ
0
ϕ(fty) dt, the conditions of [CPZ20] are
satisfied by (Λ, fτ , ψ). Observe that
(4.7) Sfτn ψ(y) :=
n−1∑
k=0
ψ(fkτ y) =
∫ τn
0
ϕ(fty) dt = Φ(y, τn),
and the topological pressures of the map fτ and the flow F are related
by [Wal75, Corollary 4.12(iii)]:
(4.8) P (fτ , ψ) = τP (ϕ).
(We continue to write P (ϕ) = P (F, ϕ) for the pressure on the flow.)
The construction in [CPZ20, §3.2] defines a Borel measure mτ,rx on
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W =W u(x, δ) as follows: we work with discrete-time Bowen balls18
Bfτn (y, r) := {z : d(f
k
τ y, f
k
τ z) < r for all 0 ≤ k < n},
for which the corresponding collection of enveloping sets is
E
r
τ (Z,N) :=
{
E ⊂ (W ∩ Λ)× {N,N + 1, . . . } : Z ⊂
⋃
(y,n)∈E
Bfτn (y, r)
}
,
and then produce a measure by
mτ,rx (Z,N) := inf
E∈Erτ (Z,N)
∑
(y,n)∈E
eS
fτ
n ψ(y)−nP (fτ ,ψ),(4.9)
mτ,rx (Z) := lim
N→∞
mτ,rx (Z,N).(4.10)
By (4.7) and (4.8), we have
(4.11) eΦ(Nτ)−nτP (ϕ) = eS
fτ
n ψ(y)−nP (fτ ,ψ),
which will let us relate the definitions of mux in (3.5) and m
τ,r
x in (4.10)
by comparing E(Z, T ) and Erτ (Z,N). To avoid confusion we will write
BFt (y, r,W ) for the continuous-time Bowen ball from (3.3) in the re-
mainder of this argument.
First observe that for each n ∈ N, we have BFτn(y, r,W ) ⊂ B
fτ
n (y, r).
Thus given E ∈ E(Z, τN), we have
Z ⊂
⋃
(y,t)∈E
BFt (y, r,W ) ⊂
⋃
(y,t)∈E
BF⌊t/τ⌋τ (y, r,W ) ⊂
⋃
(y,t)∈E
Bfτ⌊t/τ⌋(y, r),
and thus by (4.11),
mτ,rx (Z,N) ≤
∑
(y,t)∈E
e
Sfτ
⌊t/τ⌋
ψ(y)−⌊t/τ⌋P (fτ ,ψ) =
∑
(y,t)∈E
eΦ(y,⌊t/τ⌋τ)−⌊t/τ⌋τP (ϕ).
Observe that given t ∈ [nτ, (n + 1)τ ] we have
Φ(y, nτ)− Φ(y, t) = −Φ(fnτy, t− nτ) ≤ τ‖ϕ‖,
and similarly
−nτP (ϕ) + tP (ϕ) = (t− nτ)P (ϕ) ≤ τ |P (ϕ)|,
so we obtain
mτ,rx (Z,N) ≤
∑
(y,t)∈E
eτ(‖ϕ‖+|P (ϕ)|)eΦ(y,t)−tP (ϕ).
Taking an infimum over all E ∈ E(Z, τN) and sending N →∞ gives
(4.12) mτ,rx (Z) ≤ C
τ
2m
u
x(Z), where C2 = e
‖ϕ‖+|P (ϕ)|.
18Observe that these Bowen balls are defined with respect to the metric on M ,
rather than the leaf metric on W as in (3.3).
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For a bound in the other direction, observe that by uniform continuity
of the flow there is ρ > 0 such that
(4.13) d(y, z) < ρ implies dftW (fty, ftz) < r for all t ∈ [0, τ ].
Then Bfτn (y, ρ) ⊂ B
F
τn(y, r,W ), so given any E ∈ E
ρ
τ (Z,N), we have
Z ⊂
⋃
(y,n)∈E
Bfτn (y, ρ) ⊂
⋃
(y,n)∈E
BFτn(y, r,W ),
and thus defining mux(Z, T ) as the infimum in (3.5) (without taking the
limit), we have
mux(Z,Nτ) ≤
∑
(y,n)∈E
eΦ(y,nτ)−nτP (ϕ) =
∑
(y,n)∈E
eS
fτ
n ψ(y)−nP (fτ ,ψ).
Taking an infimum over all E ∈ Eρτ (Z,N) and sending N → ∞ gives
mux(Z) ≤ m
τ,ρ
x (Z), and combining this with (4.12) we obtain
(4.14) C−τ2 m
τ,r
x (Z) ≤ m
u
x(Z) ≤ m
τ,ρ
x (Z) for all Z ⊂W
u(x, δ).
Now the bounds in (3.6) follow immediately from the corresponding
bounds formτ,rx andm
τ,ρ
x in [CPZ20, Theorem 4.2], together with (4.14).
We record the following consequence of (4.14) for use in the next
section: for every x ∈ Λ and τ ∈ (0, 1] such that fτ is transitive,
writing W =W u(x, δ), we have
(4.15) mτ,rx (W ) ≤ C
τ
2m
u
x(W ) ≤ C2m
u
x(W ) =: C3(r) <∞.
We will use this below with r replaced by ρ.
4.2.2. Averaged pushforwards converge to equilibrium. As shown above,
there is a residual set of τ ∈ (0,∞) such that the discrete-time system
(Λ, fτ , ψ =
∫ τ
0
ϕ◦fs ds) satisfies the hypotheses of [CPZ20]. By [CPZ20,
Theorem 4.7], the measures mτ,rx defined in (4.10) have the property
that
(4.16) ντ,rn :=
1
n
n−1∑
k=0
(fkτ)∗m
τ,r
x
weak*
−−−→ mτ,rx (W )µ,
where µ is the unique equilibrium measure for (Λ, fτ , ψ). Moreover, µ
is ergodic, fully supported on Λ, and has the Gibbs property.
Every equilibrium measure for the continuous-time system (Λ, F, ϕ)
is also an equilibrium measure for the discrete-time system. A mea-
sure that is ergodic, fully supported, and Gibbs for the discrete-time
system has the same properties for the continuous-time system. Thus
to prove Theorem 3.1, it suffices to show that the measures νt defined
in (3.7) converge to the same limit as the measures ντ,rn , up to a scalar.
Equivalently, we must prove that if µ1 = limj→∞ νtj is any limit point
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of the measures νt, then µ1 is a scalar multiple of µ. Since µ is ergodic
and µ1 is invariant, it will suffice to prove that µ1 ≪ µ.
We will do this using (4.14) and the observation that if mn, µn are
any sequences of measures on a compact metric space that are weak*
convergent to m0, µ0 respectively, and that have the property mn(Z) ≤
µn(Z) for all measurable Z, then the same is true of m0, µ0. Indeed,
this property is equivalent to
∫
ζ dmn ≤
∫
ζ dµn for all nonnegative
continuous functions ζ , and this inequality survives the limit by the
definition of weak* convergence. We summarize this as
(4.17) mn
weak*
−−−→ m0, µn
weak*
−−−→ µ0, mn ≤ µn ⇒ m0 ≤ µ0.
To prove that µ1 = lim νtj ≪ µ, start by observing that given any
t, η > 0 and Z ⊂ Λ, we have
|νt+η(Z)− νt(Z)| =
∣∣∣ 1
t+ η
∫ t+η
0
(fs)∗m
u
x(Z) ds−
1
t
∫ t
0
(fs)∗m
u
x(Z) ds
∣∣∣
≤
1
t+ η
∫ t+η
t
(fs)∗m
u
x(Z) ds+
∣∣∣ 1
t + η
−
1
t
∣∣∣
∫ t
0
(fs)∗m
u
x(Z) ds
≤
1
t+ η
· ηmux(W ) +
η
t(t+ η)
· tmux(W ) =
2ηmux(W )
t+ η
.
Thus for every ζ ∈ C(Λ), any τ > 0, and any t ∈ [(n − 1)tτ, nτ ] for
some n ∈ N, we can apply this with η = nτ−t (and thus η
t+η
≤ τ
nτ
= 1
n
)
to get
(4.18)
∣∣∣
∫
ζ dνt −
∫
ζ dνnτ
∣∣∣ ≤ 2
n
‖ζ‖mux(W ).
This implies that for every τ > 0, the sequence nj = ⌊tj/τ⌋ → ∞ has
the property that νnjτ → µ1. Now observe that
νnτ =
1
nτ
∫ τ
0
n−1∑
k=0
(fkτ+s)∗m
u
x ds =
1
τ
∫ τ
0
(fs)∗
(1
n
n−1∑
k=0
(fkτ )∗m
u
x
)
ds.
Fix ρ > 0 small enough that (4.13) is satisfied with τ = 1, and thus for
all τ ∈ (0, 1] as well. By (4.14), we have
(4.19) νnτ ≤
1
τ
∫ τ
0
(fs)∗ν
τ,ρ
n ds =: ν¯
τ,ρ
n .
Let C3 = C3(ρ) be as in (4.15) (note that we replace r by ρ) and
consider the spaceM of all finite Borel measures on Λ with total weight
≤ C3; this space is compact in the weak* topology, which is induced
by some metric D. The flow {(ft)∗}t∈R is continuous on M, hence
uniformly continuous, and thus for every ℓ ∈ N there is τ ∈ (0, 1)
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such that D((ft)∗ν, ν) ≤ 1/ℓ whenever |t| ≤ τ and fτ is topologically
transitive (by Lemma 4.3).
Let c := mτ,ρx (W ); by (4.15) this is at most C3, and thus ν
τ,ρ
n ∈ M
for all n. Observe that ντ,ρn → cµ by (4.16). Thus there is N such
that D(ντ,ρn , cµ) ≤ 1/ℓ for all n ≥ N . By our choice of τ , we conclude
that D(ν¯τ,ρn , cµ) ≤ 2/ℓ for all such n. By passing to a subsequence if
necessary, we can assume that
νnjτ → µ1 and ν¯
τ,ρ
nj
→ ν¯ℓ with D(ν¯, cµ) ≤ 2/ℓ.
Then (4.17) and (4.19) give µ1 ≤ ν¯ℓ, and since ν¯ℓ → cµ as ℓ→∞, ap-
plying (4.17) again gives µ1 ≤ cµ. In particular, µ1 ≪ µ, so ergodicity
of µ and flow-invariance of µ1 imply that µ1 is a scalar multiple of µ,
which completes the proof.
4.3. Conformality and continuity: proof of Theorem 3.4.
4.3.1. Scaling under the dynamics. In this section we prove that the
system {muW : W ∈ W
u} is ϕ-conformal in the sense of (3.8) from
Definition 3.2, using the following.
Lemma 4.4. Given W ∈ Wu, suppose that Z ⊂ W ∩ Λ, t, c ∈ R, and
ε > 0 are such that for all y ∈ Z, we have |Φ(y, t)− c| < ε. Then
(4.20) muft(W )(ftZ) = e
±3ε
∫
Z
etP (ϕ)−Φ(z,t) dmuW (z).
Once the lemma is established, we can deduce (3.8) as follows: fixing
ε > 0, write Z =
⊔
i Zi where each Zi satisfies the condition of the
lemma with some ci, and thus satisfies (4.20). Summing over i gives
(4.20) for Z as well, and since ε > 0 was arbitrary this proves (3.8).
Thus it suffices to prove the lemma.
Proof of Lemma 4.4. Throughout the following, we fix Z,W, t, c, ε as
in the statement. The function x 7→ Φ(x, t) is continuous on Λ, hence
uniformly continuous, so there is δ > 0 such that given any x ∈ Z and
y ∈ B(x, δ) ∩ Λ, we have
Φ(y, t) = Φ(x, t)± ε = c± 2ε.
By (4.5), there is T0 such that for all τ ≥ T0 and x ∈ Z, we have
Bτ (x, r,W ) ⊂ B(x, δ,W ), and thus
(4.21) Φ(y, t) = c± 2ε for every y such that Bτ (y, r,W ) ∩ Z 6= ∅.
Let E′(Z, T ) = {E ⊂ E(Z, T ) : Bτ (y, r,W ) ∩ Z 6= ∅ for all (y, τ) ∈ E},
and observe that in the definition of muW it suffices to take an infimum
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over E′(Z, T ). Now consider the map
S : (W ∩ Λ)× [T,∞)→ (ft(W ) ∩ Λ)× [T − t,∞),
(y, τ) 7→ (fty, τ − t).
Given t1 as in Lemma 4.2 and τ ≥ max(t1, t1 + t), that lemma gives
ft(Bτ (y, r,W )) = ft(f−τ (fτy, r, fτW ))
= f−(τ−t)(fτ−t(fty), r, fτ−t(ftW )) = Bτ−t(fty, r, ftW ).
Thus for T ≥ max(t1, t1 + t), we see that E ⊂ (W ∩ Λ) × [T,∞) lies
in E′(Z, T ) if and only if S(E) lies in E′(ftZ, T − t); in other words, S
gives a bijection between E′(Z, T ) and E′(ftZ, T − t). Moreover, (4.21)
gives the following estimate for each (y, τ) ∈ E′(Z, T ):
Φ(y, τ) = Φ(y, t) + Φ(fty, τ − t) = c± 2ε+ Φ(fty, τ − t).
Now we conclude that
muW (Z) = lim
T→∞
inf
E∈E′(Z,T )
∑
(y,τ)∈E
eΦ(y,τ)−τP (ϕ)
= ec±2ε lim
T→∞
inf
E∈E′(Z,T )
∑
(y,τ)∈E
eΦ(fty,τ−t)−τP (ϕ)
= ec±2ε lim
T→∞
inf
E ′∈E′(ftZ,T−t)
∑
(y′,τ ′)∈E
eΦ(y
′,τ ′)−(τ ′+t)P (ϕ),
which yields
(4.22) muW (Z) = e
c±2ε−tP (ϕ)muft(W )(ftZ).
At the same time, we have Φ(z, t) = c± ε on Z, so
(4.23)
∫
Z
etP (ϕ)−Φ(z,t) dmuW (z) = e
tP (ϕ)−c±εmuW (Z).
Combining (4.22) and (4.23) gives (4.20) and proves the lemma. 
4.3.2. Continuity. In this section we prove that the system {muW : W ∈
Wu} is continuous in the sense of Definition 3.3. Let W1,W2, π be as
in Definition 3.3. Given t ≥ 0, there is a weak-stable δ-holonomy
ftW1 ∩ Λ→ ftW2 ∩ Λ given by
(4.24) πt = ft ◦ π ◦ f−t.
Lemma 4.5. For every ε > 0, there is δ > 0 such that if W1,W2, π
are as in Definition 3.3, then for all t ≥ 0 and x, y ∈ W1 ∩Λ such that
d(ftx, fty) ≤ r0, we have
(4.25) dftW2(πt(ftx), πt(fty)) = e
±εdftW1(ftx, fty).
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Proof. Choose δ > 0 such that (4.25) holds when t = 0 for every pair
of admissibles W1,W2 that are related by a δ-holonomy and satisfy
dC1(W1,W2) < δ. Then by cone-invariance, B(ftx, r0, ftW1) and its
image under πt are admissibles containing ftx, fty and πt(ftx), πt(fty),
respectively. Moreover, the C1 distance between these admissibles is
nonincreasing in t due to uniform expansion along Eu and nonexpan-
sion along Es ⊕ E0, and thus is at most δ for every t ≥ 0, so (4.25)
continues to hold for all such t. 
Lemma 4.6. For every r ∈ (0, r0) and η > 0, there exists δ > 0 such
that if W1,W2, π are as in Definition 3.3, then for every x ∈ W1 ∩ Λ
and t ≥ η, we have
(4.26) π(Bt(x, r,W1) ∩ Λ) ⊂ Bt−η(πx, r,W2).
Proof. Choose ε > 0 such that reε < min(r0, rλ
−η) =: r′, and let δ > 0
be given by Lemma 4.5. Then given W1,W2, π, x, t as in the statement,
it follows from Lemma 4.5 that for every y ∈ Bt(x, r,W1) ∩ Λ and
τ ∈ [0, t], we have
dfτW2(fτ (πx), fτ (πy)) ≤ e
εdfτW1(fτx, fτy) < e
εr < r′.
Since this holds for all τ ∈ [0, t], we have πy ∈ Bt(πx, r
′,W2), and we
conclude that
(4.27) π(Bt(x, r,W1) ∩ Λ) ⊂ Bt(πx, r
′,W2) ⊂ Bt−η(πx, r
′λη,W2),
where the last inclusion uses (4.4). Since r′λη ≤ r, this proves the
lemma. 
Now we prove continuity. Given ε > 0, choose η > 0 such that
(4.28) 3η‖ϕ‖+
|ϕ|ση
σ
σ| log λ|
≤
ε
2
and η|P (ϕ)| ≤
ε
2
.
Then choose δ ∈ (0, η] such that Lemma 4.6 holds. Given W1,W2, π as
in Definition 3.3 for this choice of δ, it follows from Lemma 4.6 that if
E ∈ E(Z, T ) for some Z ⊂W1 ∩ Λ, then
π(Z) ⊂
⋃
(x,t)∈E
π(Bt(x, r,W1) ∩ Λ) ⊂
⋃
(x,t)∈E
Bt−η(πx, r,W2).
From this we see that {(πx, t− η) : (x, t) ∈ E} ⊂ E(πZ, T − η), and we
deduce that
(4.29) muW2(πZ) ≤ limT→∞
inf
E∈E(Z,T )
∑
(x,t)∈E
eΦ(πx,t−η)−(t−η)P (ϕ).
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To proceed we must compare Φ(πx, t − η) and Φ(x, t). There is τ ∈
(−δ, δ) such that ft(x) ∈ W
s(πx, δ), and thus for all tˆ > 0 we have
(4.30)
|Φ(ftx, tˆ)− Φ(πx, tˆ)| ≤
∫ ∞
0
|ϕ(fs(ftx))− ϕ(fs(πx))| ds
≤
∫ ∞
0
|ϕ|σ(δλ
s)σ ds =
|ϕ|σδ
σ
σ| log λ|
.
Since δ ≤ η, we deduce that |τ − η| ≤ 2η, so
Φ(πx, t− η) = Φ(πx, t− τ)± 2η‖ϕ‖,
Φ(x, t) = Φ(fτx, t− τ)± η‖ϕ‖,
which together with (4.28) and (4.30) gives
|Φ(πx, t− η)− Φ(x, t)| ≤ ε/2.
Using this estimate in (4.29) gives
muW2(πZ) ≤ limT→∞
inf
E∈E(Z,T )
eΦ(x,t)+ε/2−tP (ϕ)eηP (ϕ) ≤ eεmuW1(Z),
where the last inequality uses the second half of (4.28). By symmetry,
this proves that muW2(πZ) = e
±εmuW1(Z), which completes the proof of
Theorem 3.4.
4.3.3. Alternate definitions for discrete-time and non-adapted metrics.
In discrete time, the system of measures {mux}x∈Λ was introduced in
[CPZ19, CPZ20], which also proved that this system is ϕ-conformal and
has an absolute continuity property under stable holonomies. However,
it remains open whether this construction produces a continuous sys-
tem in the sense of Definition 3.3; see [CPZ19, Theorem 4.10, §6.2.2]
and [CPZ20, Theorem 4.6, §7.3] for the results on holonomy maps that
take the place of this property, and note that no specific formula for
the Radon–Nikodym derivative is given there (compare to Theorem
3.7, which we prove in the next section).
The key step in the proof of continuity in §4.3.2 is to observe that
under a δ-holonomy, Bowen balls of radius r on W1 are mapped into
Bowen balls of a slightly larger radius r′ on W2, and that these can
in turn be covered by Bowen balls of the original radius by making a
small increase in the continuous time parameter t ∈ R+ and then using
(4.4). In discrete time, this step does not work because there is no way
to make an arbitrarily small increase in the time parameter n ∈ N.
One way to obtain continuity as in Definition 3.3 for the discrete-time
construction would be to allow the radius r to vary, and to introduce
an extra factor into the “weight” assigned each ball in the C-structure.
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For example, one might fix a continuous function ζ(r) and then redefine
the C-structure on X = W u(x, δ) ∩ Λ by
S = X × N× (0,∞), U(x,n,r) = Bn(x, r),
with ξ, η, ψ given by
ξ(x, n, r) = ζ(r)e
∑n−1
k=0 ϕ(f
kx), η(x, n, r) = ψ(x, n, r) = e−n.
With an appropriate choice of ζ – say constant and positive near 0,
then increasing quickly on a small interval of r so as to guarantee that
all “optimal” enveloping sets use only values of r from this interval –
it should be possible to guarantee that in the discrete-time uniformly
hyperbolic setting, the system of leaf measures defined by these C-
structures satisfies the continuity property in Definition 3.3, and that
they are uniformly equivalent to the original leaf measures defined in
[CPZ19].
It is also worth pointing out that our proofs of ϕ-conformality and
continuity relied on the fact that we work in an adapted metric. Work-
ing in a different metric would produce uniformly equivalent systems of
measures, following arguments similar to those in §4.2.1. It is not clear
whether these new systems of measures would satisfy ϕ-conformality
and continuity: the arguments at the end of [Has89] suggest that one
might expect “almost-everywhere” results instead of “everywhere” re-
sults in this case.
Because we work in an adapted metric, the leafwise Bowen balls are
exactly the metric balls in the Hamensta¨dt–Hasselblatt metric from
[Ham89, Has89], and then the main thing differentiating our construc-
tion from theirs is that we assign weights according to the potential
function.19 An approach that might perhaps be more natural, and
which is done in [CPZ19, CPZ20], is to use the extrinsic metric from
M on each leaf, instead of the intrinsic leaf metric; doing this here
would once again lead to uniformly equivalent systems of measures
(again following the arguments in §4.2.1) but we would not be able to
carry out our proofs of ϕ-conformality or continuity, since we would
not have Lemma 4.2.
4.4. Weak-stable holonomy formula: proof of Theorem 3.7.
To prove Theorem 3.7, we start by using the chain rule for Radon–
Nikodym derivatives to reduce to the case of two u-admissible manifolds
that are extremely close; then we will use the continuity property.
19Note that [Has89, Lemma 6] gives the proof of continuity for the zero potential
using that construction.
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Lemma 4.7. Suppose W1,W2 ∈ W
u are related by a weak-stable ho-
lonomy π. Given s, t ≥ 0, let πs,t = ft ◦ π ◦ f−s be the corresponding
weak-stable holonomy between fsW1 ∩ Λ and ftW2 ∩ Λ. Suppose more-
over that (πs,t)∗m¯
u
fsW1
≪ m¯uftW2. Then π∗m¯
u
W1
≪ m¯uW2, and we have
(4.31)
d(π∗m¯
u
W1
)
dm¯uW2
(πz) = eΦ(z,s)−Φ(πz,t)−(s−t)P (ϕ)
d(πs,t)∗m¯
u
fsW1
dm¯uftW2
(πs,tfsz).
Proof. We use the chain rule for Radon–Nikodym derivatives in the
following form: given measures ν0, ν1, ν2, ν3 and maps g
1, g2, g3 such
that gi∗νi−1 ≪ νi for i = 1, 2, 3, and writing xi = gi(xi−1), we have
(4.32)
d(g3∗g
2
∗g
1
∗ν0)
dν3
(x3) =
d(g3∗g
2
∗g
1
∗ν0)
d(g3∗g
2
∗ν1)
(x3)
d(g3∗g
2
∗ν1)
d(g3∗ν2)
(x3)
d(g3∗ν2)
dν3
(x3)
=
d(g1∗ν0)
dν1
(x1)
d(g2∗ν1)
dν2
(x2)
d(g3∗ν2)
dν3
(x3).
With g1 = fs, g
2 = πt, and g
3 = f−t, (4.32) gives
d(π∗m¯
u
W1
)
dm¯uW2
(πz) =
d(fs)∗m¯
u
W1
dm¯ufsW1
(fsz)
d(πs,t)∗m¯
u
fsW1
dm¯uftW2
(ftπz)
d(f−t)∗m¯
u
ftW2
dm¯uW2
(πz).
From ϕ-conformality, the first and third factors simplify as
d(fs)∗m¯
u
W1
dm¯ufsW1
(fsz)
d(f−t)∗m¯
u
ftW2
dm¯uW2
(πz) = eΦ(z,s)−sP (ϕ)etP (ϕ)−Φ(πz,t),
completing the proof of Lemma 4.7. 
Now as in Theorem 3.7 we assume that there is a weak-stable δ0-
holonomy π : W1 ∩ Λ → W2 ∩ Λ. Given x ∈ W1 ∩ Λ, there is τ(x) ∈
(−δ0, δ0) such that fτ(x) ∈ W
s(πx, δ0). Fix ε > 0 and let δ > 0 be
given by continuity (Definition 3.3). For each x ∈ W1 ∩ Λ there are
t > 0 and a relatively open setW ′1 ⊂ W1 containing x such that writing
W ′2 = π(W
′
1), we have the following, using Lemma 2.9.
• ft+τ(x)(W
′
1) and ft(W
′
2) are u-admissible.
• dC1(ft+τ(x)(W
′
1), ft(W
′
2)) < δ.
• πt+τ,t : ft+τ(x)(W
′
1)∩Λ→ ft(W
′
2)∩Λ is a weak-stable δ-holonomy.
• |τ(z)− τ(x)|(‖ϕ‖+ |P (ϕ)|) < ε for all z ∈ W ′1.
• Φ(z, t + τ(z)) − Φ(πz, t) − τ(z)P (ϕ) = ω+(z, πz) ± ε for all
z ∈ W ′1.
Using the first three properties, continuity, and Lemma 4.7 (with s =
t+ τ(x)) gives
d(π∗m¯
u
W ′1
)
dm¯uW ′2
(πz) = eΦ(z,t+τ(x))−Φ(πz,t)−τ(x)P (ϕ)±ε.
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Then the fourth property gives
Φ(z, t + τ(x))− τ(x)P (ϕ) = P (z, t+ τ(z))− τ(z)P (ϕ)± ε,
from which we deduce that
d(π∗m¯
u
W ′1
)
dm¯uW ′2
(πz) = eΦ(z,t+τ(z))−Φ(πz,t)−τ(z)P (ϕ)±2ε = eω
+(z,πz)±3ε,
where the last equality uses the fifth property above. Since m¯uW ′j
and
m¯uWj agree on W
′
j , we get the same result with W
′
j replaced by Wj.
Finally, since ε > 0 was arbitrary, this proves (3.15).
4.5. Product construction: proof of Theorem 3.10.
4.5.1. Proof of the theorem. In this section we prove Theorem 3.10.
There are four things to prove.
(1) The equations (3.30)–(3.33) all agree.
(2) There is a unique measure µ such that µ|Rq = µq for all q ∈ Λ.
(3) The measure µ is flow-invariant, nonzero, and finite.
(4) µ is a scalar multiple of the unique equilibrium measure.
For the first, start by defining a function hq : R
u
q × R
cs
q → (0,∞) by
(4.33) hq(x, y) := e
ω+([x,y],x)+ω−([x,y],y).
Then recalling (3.29), we can write (3.30) as
µq(Z) =
∫
Z
hq(Ψ
−1
q (z)) d((Ψq)∗(m¯
u
q × m¯
cs
q ))(z),
while (3.31) becomes
µq(Z) =
∫
Ψ−1q (Z)
hq(x, y) d(m¯
u
q × m¯
cs
q )(x, y).
These integrals agree by the definition of pushforward, so (3.30) and
(3.31) agree. To compare (3.31) and (3.32) it suffices to observe that
given any y ∈ Rcsq , there is a weak-stable δ-holonomy π : R
u
q → R
u
q (y)
given by π(x) = [x, y], and Theorem 3.7 shows that for every continuous
ζ : Ruq (y)→ R, we have
(4.34)
∫
Ruq
ζ(πx)1Z([x, y]) dm¯
u
q(x) =
∫
Ruq (y)∩Z
ζ(z) d(π∗m¯
u
q )(z)
=
∫
Ruq (y)∩Z
ζ(z)eω
+([z,q],z) dm¯uy(z)
We use this with
ζ(z) = hq(Ψ
−1
q (z)) = e
ω+(z,[z,q])+ω−(z,y)
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so that
ζ(πx) = eω
+([x,y],x)+ω−([x,y],y) and ζ(z)eω
+([z,q],z) = eω
−(z,y).
Then the first integral in (4.34) is the inner integral in (3.31), while
the last integral in (4.34) becomes the inner integral in (3.32), so that
(3.31) and (3.32) agree. A similar argument shows the equivalence of
(3.31) and (3.33).
To prove that the family of measures {µq : q ∈ Λ} defines a unique
Borel measure µ on Λ, it suffices to show that they are consistent in
the sense that
(4.35) µq(Z) = µp(Z) whenever Z ⊂ Rq ∩ Rp;
then one defines µ by µ(Z) = µq(Z) whenever Z ⊂ Rq, and extends by
additivity.20 We observe that when p ∈ Rcsq , (4.35) follows immediately
from (3.32) and the fact that m¯csq and m¯
cs
p agree on R
cs
q ∩R
cs
p . Similarly,
(3.33) establishes (4.35) when p ∈ Ruq .
Now given any q, p ∈ Λ such that Rq ∩ Rp 6= ∅, we can take x to be
any point in the intersection and then observe that the measures µq,
µ[x,q], µx, µ[x,p], µp all agree on Rq∩Rp by the previous paragraph. This
proves (4.35) and thus establishes existence of a unique µ as claimed.
The fact that µ is nonzero and finite follows from the corresponding
properties for each µq, together with the fact that Λ can be covered with
finitely many sets Rq by compactness. For flow-invariance, it suffices
to show that given q ∈ Λ, Z ⊂ Rq, and t ∈ R such that ftZ ⊂ Rq,
we have µq(ftZ) = µq(Z). To show this, we observe that on the leaf
W cs(x), under the map ft : y
′ 7→ y, the measure m¯csx scales as
d((ft)∗m¯
cs
x )
dm¯csx
(y) = eω
+(y′,y),
and thus using the definition of µq in (3.33), we have
µq(ftZ) =
∫
Ruq
∫
Rcsq (x)
eω
+(y,x)1ftZ(y) dm¯
cs
x (y) dm¯
u
q(x)
=
∫
Ruq
∫
Rcsq (x)
eω
+(y,x)1Z(y
′) d((ft)∗m¯
cs
x )(y
′) dm¯uq (x)
=
∫
Ruq
∫
Rcsq (x)
eω
+(y,x)1Z(y
′)eω
+(y′,y) dm¯csx (y
′) dm¯uq(x)
=
∫
Ruq
∫
Rcsq (x)
eω
+(y′,x)1Z(y
′) dm¯csx (y
′) dm¯uq (x) = µq(Z),
20See [Mar70, §4] and [Mar04, §4] for more details of this standard procedure.
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where the first equality on the last line uses the cocyle property (3.18).
Finally, to prove that µ is a scalar multiple of the unique equilibrium
measure, it suffices to show that there is C4 > 0 such that the upper
Gibbs bound µq(Bt(q, r)) ≤ C4e
Φ(q,t)−tP (ϕ) holds for all q ∈ Λ and
t > 0, since then µ is absolutely continuous with respect to the unique
invariant Gibbs probability measure, which is ergodic.
To prove the upper Gibbs bound, observe that for δ sufficiently small,
for each q ∈ Λ and y ∈ W cs(q, δ) ∩ Λ, writing W = W u(y, Lδ) we have
Bt(q, δ) ∩W ⊂ Bt(y, 2δ,W ) = f
−tW u(fty, 2δ),
where the last equality uses Lemma 4.1. Thus ϕ-conformality gives
m¯uy(Bt(q, δ)) ≤ sup
z∈Bt(q,δ)
eΦ(z,t)−tP (ϕ)m¯ufty(W
u(fty, 2δ)).
Since ϕ is Ho¨lder continuous, it satisfies the Bowen property
sup
q∈Λ
sup
t>0
sup
z∈Bt(q,δ)
|Φ(z, t)− Φ(q, t)| <∞.
Using the previous two estimates and Theorem 3.1, we get
m¯uy(Bt(q, δ)) ≤ C5e
Φ(q,t)−tP (ϕ),
where C5 > 0 does not depend on q, y, or t. Now the upper Gibbs
bound for µq follows immediately from (3.32) and the fact that e
ω−(x,y)
and m¯csq (R
cs
q ) are uniformly bounded above independently of q ∈ Λ,
y ∈ Ruq , and x ∈ R
cs
q (y). This completes the proof of Theorem 3.10.
4.5.2. Proof of Corollary 3.12. To prove Corollary 3.12, we start by
observing that given q ∈ Λ, it follows from (3.36) that for µˆq-a.e. y ∈
W csq , we have
(4.36)
m¯uy(Z)
muy(Z)
=
m¯uy(R
u
q (y))
muy(R
u
q (y))
=: g(q, y) for all Borel Z ⊂ Ruq (y).
Observe that g(q, y) is independent of δ (even though Ruq (y) depends
on δ) because one obtains the same ratio for every Borel Z. Since
both systems {m¯uy} and {m
u
y} scale according to Theorem 3.7 under
weak-stable holonomies, we conclude that g is in fact independent of
y. More precisely, choosing any y ∈ W csq such that (4.36) holds, let
π : Ruq → R
u
q (y) be a weak-stable δ0-holonomy: then by (3.15), for
every Borel Z ⊂ Ruq we have
m¯uq (Z)
muq (Z)
=
π∗m¯
u
q (πZ)
π∗muq (πZ)
=
∫
Ruq (y)
eω
+(π−1z,z) dm¯uy(z)∫
Ruq (y)
eω+(π−1z,z) dmuy(z)
= g(q, y) =: g(q).
SRB AND EQUILIBRIUM MEASURES VIA DIMENSION THEORY 39
Now given any t ∈ R, since m¯uq and m
u
q are fully supported on R
u
q ,
we can choose a Borel set Z ⊂ Ruq such that ftZ ⊂ R
u
ftq
, and use the
ϕ-conformality property (3.8) to deduce that
g(ftq) =
m¯uftq(ftZ)
muftq(ftZ)
=
∫
Z
etP (ϕ)−Φ(z,t) dm¯uq (z)∫
Z
etP (ϕ)−Φ(z,t) dmuq (z)
= g(q).
Thus g is flow-invariant, and since the unique equilibrium measure µ
is ergodic, g is constant µ-a.e.: there is c > 0 such that g(q) = c for
µ-a.e. q ∈ Λ. Moreover, since suppµ = Λ and g is continuous (because
the systems {m¯uq} and {m
u
q} are), we conclude that g(q) = c for every
q ∈ Λ, which completes the proof of Corollary 3.12.
4.6. Refining in all directions: proof of Theorem 3.15. Let m be
the measure on Λ defined by (3.44)–(3.45). Observe that it is a Borel
measure by Lemma 2.14 because (4.5) and the local product structure
give
diamB∗s,t(x, r) ≤ 2rL(λ
s−t0 + λt−t0) +
C6r
s+ t
,
where
(4.37) C6 := max
x∈M
∥∥∥ d
dt
ft(x)|t=0
∥∥∥
is the maximum speed of the flow, so that d(x, ftx) ≤ C6|t| for all x, t.
We prove Theorem 3.15 by showing that m is flow-invariant and has
the Gibbs property (1.5); we will use the fact that (Λ, F, ϕ) is already
known to have a unique flow-invariant Gibbs probability measure.
4.6.1. Flow-invariance. To prove that m(fτZ) = m(Z) for all Z ⊂ Λ
and τ ∈ R, we first observe that given x ∈ Λ and s, t ≥ |τ |, we have
z ∈ B±s,t(x, r) ⇔ fτz ∈ B
±
s+τ,t−τ (x, r).
Moreover, given z ∈ B±s,t(x, r), we have
β(fτx, fτz) = β(x, z),
from which it follows that
(4.38) fτB
∗
s,t(x, r) = B
∗
s+τ,t−τ (fτx, r).
Now given Z ⊂ Λ and T ≥ |τ |, consider the map
S : Λ× [T,∞)2 → Λ× [T − |τ |,∞)2,
(x, s, t) 7→ (fτx, s+ τ, t− τ).
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By (4.38), given Z ⊂ Λ and E ∈ E∗(Z, T ), we have
fτZ ⊂ fτ
( ⋃
(x,s,t)∈E
B∗s,t(x, r)
)
⊂
⋃
(x,s,t)∈E
B∗s+τ,t−τ (fτx, r),
so that S(E) ⊂ E∗(fτZ, T − |τ |). Since (s + τ) + (t − τ) = s + t, it
follows that
m(fτZ) ≤ lim
T→∞
inf
E∈E∗(Z,T )
∑
(x,s,t)∈E
eΦ(f−(s+τ)(fτx),s+t)−(s+t)P (ϕ)
s+ t
= lim
T→∞
inf
E∈E∗(Z,T )
∑
(x,s,t)∈E
eΦ(f−s(x),s+t)−(s+t)P (ϕ)
s + t
= m(Z).
Since m(fτZ) ≤ m(Z) for all τ ∈ R and Borel Z ⊂ Λ, we conclude
that m is flow-invariant.
4.6.2. Gibbs property. We start with a general lemma.
Lemma 4.8. There are C7, T1, η > 0 such that for every flow-invariant
measure ν on Λ and every (x, s, t) ∈ Λ× [T1,∞)
2, we have
ν(B∗s,t(x, r)) ≤ C7(s+ t)
−1ν(B±s−η,t−η(x, r))(4.39)
ν(B±s,t(x, r)) ≤ C7(s+ t)ν(B
∗
s−η,t−η(x, r)).(4.40)
Proof. Given z ∈ B±s,t(x, r) ∩ Λ, the local product structure gives y :=
[x, z] ∈ W u(z, rL) and y′ = fβ(x,z)(y) ∈ W
s(x, rL) with f−s(y
′) ∈
W s(f−sx, rL) and ft(y) ∈ W
u(ftz, rL). Given η ∈ [0,min(s, t)] and
τ ∈ [−s + η, t− η], we deduce from (2.9) that21
d(fτz, fτy) ≤ C0rLλ
η and d(fτy
′, fτx) ≤ C0rLλ
η.
Since we also have d(fτy
′, fτy) ≤ C6|β(x, z)|, the triangle inequality
gives
(4.41) d(fτx, fτz) ≤ 2C0rLλ
η + C6|β(x, z)|
for all z ∈ B±s,t(x, r) and τ ∈ [−s+ η, t− η].
Now we prove (4.39). By (4.41) there are T1 > η > 0 such that for
all z ∈ B∗s,t(x, r) and τ ∈ [−s+ η, t− η], we have
d(fτx, fτz) ≤ 2C0rLλ
η + C6T
−1
1 < r/2.
In other words, we have
(4.42) B∗s,t(x, r) ⊂ {z ∈ B
±
s−η,t−η(x, r/2) : |β(x, z)| < r/(s+ t)}.
21In fact we are using the analogue of (2.9) for the original metric, which is not
necessarily adapted; this is the reason for the inclusion of the constant C0.
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Now let ξ > 0 be such that d(z, fτz) < r/2 for all z ∈ Λ and |τ | < ξ;
then we have fτ (x) ∈ B
∗
s,t(x, r) for all |τ | < ξ, and
(4.43) fτ (z) ∈ B
±
s−η,t−η(x, r) for all z ∈ B
∗
s,t(x, r) and |τ | < ξ.
Consider (x, s, t) ∈ Λ × [T1,∞)
2 and let γ = 2r
s+t
. Then for all 0 ≤
k < N := ⌊ ξ
γ
⌋ = ⌊ ξ
2r
(s + t)⌋, we have fkγB
∗
s,t(x, r) ⊂ B
±
s−η,t−η(x, r)
by (4.43), and moreover these N sets are disjoint because β(x, fkγz) =
kγ + β(x, z) = kγ ± r
s+t
for all z ∈ B∗s,t(x, r). These sets all have
the same measure by flow-invariance, and thus ν(B±s−η,t−η(x, r)) ≥
Nν(B∗s,t(x, r)), which proves (4.39).
Now we prove (4.40). There is C8 > 0 such that β(x, z) ≤ C8r for
all x ∈ Λ and z ∈ B(x, r). Given (x, s, t) ∈ Λ × [T1,∞)
2, let γ = r
s+t
,
N = ⌈C8r/γ⌉ = ⌈C8(s+ t)⌉, and xk = fkγ(x) for all |k| ≤ N . Then for
every z ∈ B±s,t(x, r), there is |k| ≤ N such that |β(xk, z)| < γ =
r
s+t
.
For every τ ∈ [−s + η, t− η], (4.41) gives
d(fτxk, fτz) ≤ 2C0rLλ
η + C6/(s+ t) < r/2,
and thus z ∈ B∗s−η,t−η(xk, r/2) ⊂ fkγB
∗
s−η,t−η(x, r). By flow-invariance
we have
ν(B±s,t(x, r)) ≤ ν
( N⋃
k=−N
fkγB
∗
s−η,t−η(x, r)
)
= (2N + 1)ν(B∗s−η,t−η(x, r)),
which proves (4.40). 
Lemma 4.9. Let µ be the unique flow-invariant Gibbs probability mea-
sure for (Λ, F, ϕ). Then there is C9 > 0 such that for every (x, s, t) ∈
Λ× [T1,∞)
2, we have
(4.44) µ(B∗s,t(x, r)) = C
±1
9 (s+ t)
−1eΦ(f−sx,s+t)−(s+t)P (ϕ).
Proof. Since µ is a Gibbs measure, there is Q > 0 such that for all
(x, s, t) ∈ Λ× [0,∞)2, we have
(4.45) µ(B±s,t(x, r)) = µ(f−sB
±
s,t(x, r)) = µ(Bs+t(f−sx, r))
= Q±1eΦ(f−sx,s+t)−(s+t)P (ϕ).
Combining (4.39) and the upper bound in (4.45) gives
µ(B∗s,t(x, r)) ≤ C7Q(s+ t)
−1eΦ(f−s+ηx,s+t−2η)−(s+t−2η)P (ϕ)
≤ C7Q(s+ t)
−1eΦ(f−sx,s+t)−(s+t)P (ϕ)e2η(‖ϕ‖+|P (ϕ)|)
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which proves the upper bound in (4.44). For the lower bound we use
(4.40) and the lower bound in (4.45) to get
µ(B∗s,t(x, r)) ≥ C
−1
7 (s+ t+ 2η)
−1µ(B±s+η,t+η(x, r))
≥
(s+ t)eΦ(f−sx,s+t)−(s+t)P (ϕ)
C7Q(s+ t+ 2η)(s+ t)e2η(‖ϕ‖+|P (ϕ)|)
,
which completes the proof since (s+ t)/(s+ t+2η) ≥ T1/(T1+2η). 
Now we can prove that m has the Gibbs property. For the lower
bound, consider any Borel set Z ⊂ Λ, any T ≥ T1, and any E ∈
E
∗(Z, T ): by (4.44), we have
∑
(x,s,t)∈E
eΦ(f−s(x),s+t)−(s+t)P (ϕ)
s+ t
≥
∑
(x,s,t)∈E
1
C9
µ(B∗s,t(x, r)) ≥
µ(Z)
C9
.
Taking an infimum over all such E and sending T →∞ gives m(Z) ≥
µ(Z)/C9. Since µ has the Gibbs property, this proves the lower Gibbs
bound for m.
To prove the upper Gibbs bound, fix x ∈ Λ and τ > 0, and let
Z = Bτ (x, r/2)∩Λ. Given T > τ , let ET ⊂ Z be a maximal r-separated
set in the d∗T,T metric from (3.43); then Z ⊂
⋃
y∈ET
B∗T,T (y, r), while at
the same time the sets B∗T,T (y, r/2) are disjoint, and we have
m(Z) ≤ lim
T→∞
∑
y∈ET
1
s+ t
eΦ(f−T y,2T )−2TP (ϕ)
≤ lim
T→∞
∑
y∈ET
C9(r/2)µ(B
∗
T,T (y, r/2))
≤ lim
T→∞
C9(r/2)µ
( ⋃
y∈ET
B∗T,T (y, r/2)
)
.
Given y ∈ ET , observe that B
∗
T,T (y, r/2) ⊂ Bτ (y, r/2) ⊂ Bτ (x, r), and
thus the above computation shows that
m(Bτ (x, r/2)) ≤ C9(r/2)µ(Bτ(r)).
Thus the upper Gibbs bound for m (at scale r/2) follows from the
upper Gibbs bound for µ (at scale r).
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